S INTERNATIONAL SYMPOSIUM
PRESERVATION OF
.l"ll.

MONUMENTS
Mo Tcsor & HISTORIC SITES

From Hooke's "Hanging Chain” and Milankovitch's
"Druckkurve” to a Variational Formulation:
The Adventure of the Thrust Line of Masonry Arches

Nicos Makris

Professor of Structures and Applied Mechanics
Department of Civil and Environmental Engineering
Southern Methodist University
nmakris@smu.edu



The Reconstruction of the North-East Corner of the Temple of
Zeus at Nemea: 2003-2009

gettyimages'
' De Agostini/ Archivio J. Lange

el










Semicircular masonry arches are known from
the ancient times—before the Roman arch

- ‘&‘ 'ﬁl RN,

Olympla Stadium, Greece Nemea Stadium, Greece

Given the long history of these
structures their exact stress and
deformation state is not known—a
situation that challenges any kind of
stress analysis. On the other hand, a
limit-state analysis is independent of
the existing stress and deformation
state.

Theatre of Filippi, Kavala, Greece



The challenge of sizing
the thickness of stone
arches continues to be
in the forefront of
structural engineering
through the centuries
given the immense
human effort needed
during construction




The challenge of sizing the thickness of stone arches
emerged as one of the most important optimization
problem in the 18t and 19t centuries.




The main question:

What is the minimum value of t/R,

for a masonry arch to carry its
own weight?

The Noutsos-Kokkoros stone arch
bridge at the Bikos canyon (1750-1768)
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DESCRIPTION

HELIOSCOPES,

And fome other

INSTRUMENTS

MADE BY

XO'BERT HOOKE
Fellow of the Royal Society.

Hos ego, &c.
Sic wos non vobs——.
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Printed by 7. R. for Jobn eMarrym Printer tothe Royal Seciesy,
at the Bellin 8¢, Panls Church-yard, 1676
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any Chara@ter or Language imaginable , as well for Philofo-
whical'as for common and conflant ufe. And I have this fur-
icr to defire of my Reader, who will beat the pains to decis
pher and underftand this defeription, that he would only
make ufe of ic for his own information,and not consmunicate
the explication thereof to. any that hath not had the fame
curiofity with himfelf,

This | do, not fo much to hinder che fpreading of this
i _.iption here delivered, asto revive, and, if pofiitle,
bring into ufeand pra@tice that excellent Defign : It beinga
Gharalter and Language perfedtly free from all manper of
apbiguity, and yet the molt copious, expreflive and figni-
ficative of any thing or Notion imaginable and, which re-
commends it moft to common ufe, the moft eafie to be nnder-
ftood and learnt in the World.  See Table the third,

To fill the vacancy of the enfuing page, | have here ad-
dedadecimate of the centefmeof the Inventions I intend to
publifh, though poffibly notin the fame order, butas | can
get opportunity and leafure ; molt of which, I hope,,
willbeas ufeful to Mankind , as theyare.yer unknown and
new.

t. 4 way of Repwlating all firts of Watches or Time-
keepers, [o a to make any way to equalize , if ot ¢

2. The true Mathematical and Mechanichal form of ol

manner of Arches for Building, with the true butment neceffary
#o each of them, A Problem which no drebitectomick Wri-
ter hath ever yet attempted , wuch lefs performed, abeee
ddeeeee fgg iiiiiiii Il IPrr sssteeiee X
. The true Theo i aingi
140, atton thereol infeveral Subjelds in which it is to
be found: dnd the way of fmpting Il)]r welocity of Bodies
moved by them, hceiiinns sstrun,
4 A very plain and profical way of counterpai i
quors, of great ufe in MV({‘(I icks. t’)i'chvmd. P &
Se Anew fort of Object-§ilaffer fir Telefcopes and Mi-
crofcopes, miush outdving any et ufed. - Difcovered,
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Robert Hooke (1676)

C E

Poleni (1748)

abcccddeeeeefggiiitiiiillmmmmnnnnnooprrsssttttttuuuuuuuvx

2 years after Hooke's death (1703), the executor of his will uncovered the latin anagram:

Ut pendet continuum flexile, sic stabit contiguum rigidum inversum

4

As hangs the flexible line, so but inverted will stand the rigid arch




Remarkable application of Hooke's "hanging chain” on
the stability analysis of arches and domes

Poleni (1748) assessed the Antonio Gaudi (1852-1926) design
safety of the cracked dome of the Church of Colonia Giell with the
Saint Peter’s Church. help of a 3D hanging chain model
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The remarkable directness of Hooke's “hanging chain” is probably
the reason that it is widely believed that the catenary (the
alysoid) is a physically admissible thrust-line of the masonry arch

(@) (b)

(d
From Huerta (2006)
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Thrust-line (line of
resistance, Moseley
1843, or druckkurve,
Milankovitch, 1904,
1907): o

—Rsin150)
#{(x=Rsin30°)

n(x
=

\

Is defined as the Q
geometrical locus of  mja_ Funiclsr
the application points Tl TS ™"
of the resultant thrust- || S

force that develops at || dineotresisance) ™

any cross-section of
the arch. R

Q Rin



Limit-state of symmetric masonry arches
Statement of the problem: Pierre Couplet (1729, 1730)

A

H d arched monolith
that does not
sustain tension

5-hinge mechanism

v=ol

3 unknowns: H, t/R, ¢
2 equations: XM-=0and 2M,=0



Minimum thickness of the semicircular arch

Couplet (1729,1730) A G

t/R=0.101, (p=45°)

K
Clearly GK is shown to
be NOT be tangent to
the intrados

In several occasions
P. Couplet has been
incorrectly criticized
for NOT taking GK
tangent to the

Gl Qintrados

R ¢ F

Pierre Couplet, by assuming the rupture angle ¢=45°, he forced
the selection of the mechanism; therefore, his solution is

unconservative, given that a neighboring mechanism might have
developed at a larger thickness




Homage on Pierre Couplet's remarkable contributions

At the dawn of the twentieth century, the Serbian engineer and
astronomer Milutin Milankovitch showed in a lucid way that when a
masonry arch forms a radial rupture,

—not the thrust force at the
location of the rupture. Unfortunately, Milankovitch's seminal work
in 1904-1907 remained nearly unknown until very recently; and we
only now recognize that Pierre Couplet's intuition for

was indeed
correct!

So (they were formalized in a
useful way a century later by E. Clapeyron), back in 1730, Pierre
Couplet did as well as one could possibly do to estimate the
minimum thickness of a semicircular masonry arch subjected to its
own weight (t/R = 0.101).



State of knowledge in the 18™ century

1696
1729, 1730
1733

1762,1773

1773

1785

Johann Bernoulli, Brachistochrone curve
Pierre Couplet: Minimum thickness of arches

Leonhard Euler, Elementa calculi variationum

Joseph Louis Lagrange (1736-1813), Euler-
Lagrange equation

Charles-Augustin de Coulomb (1736-1806), Theory
of "minima & maxima”

L. Mascheroni, Early statements of the principle
of stationary potential energy: Mascheroni, L.: Nuove
ricerche sull’equilibrio delle volte. Bergamo (1785)



Charles-Augustin de Coulomb
Theory of Maxima and Minima, 1773

H = < S
a W M
glVI<H<WGCI T LY
QI\/I gqm //
maxH_ .. <H <minH__, i
Higher of the Lower of the :
lower bound upper bound

Augustin  Coulomb recognizes that
masonry arches have finite thickness _
and his minima and maxima analysis .
from departs
from the concept of the catenary
(alysoid) along which bending moments | /
are invariable zero!




Joaquin Monasterio, Spanish engineer (1805-1810)

Nueva Tedrica sobre el Empuje de Bovedas

1/9<t/R,,<1/8
Rin:R"T/Z

,‘ AN . 10.1053<1/R<0.1176
' IFirst known
s . (COrrect result
-~ 4= for the minimum
=2 Ithickness of the

semicircular
masonry arch

Important Remark:

Albuerne & Huerta (2010)

Monasterio's lower limit t/R=0.1053 is LARGER than
Pierre Couplet's unconservative solution +/R=0.101



Contribution on the stability (limit state)

analysis of masonry arches and bridges
France: late 17'h, 18 and early 19t" century: The idea of Collapse Hinge-Mechanism

P. de LaHire (1640-1718): First application of funicular polygon to the solution of arch
problem: 1695: book "Traité de Méchanique”

P. Couplet (1729,1730): First attempt to calculate the minimum thickness of masonry
arches

A.F. Frézier quotes tests by Danizy (1732) describes clear modes of collapse
1739: book "Traité de la Coupe des Pierres”

C. A. de Coulomb (1736-1806): 1773: theory of "minima & maxima"

Essai sur une application des regles de maximis et minimis a quelques
problémes de statique, relatifs a l'architecture. Mémoires de
Mathématique et de Physique présentés a I'Academie Royale des Sciences

Considerable number of tests at the end of 18™ century by
Gauthey, Boistard, Rondelet

Jean-Rodolphe Perronet (1708-1794): Designed and constructed 14 major masonry
arch bridges in Paris within a period of 40 years.

6. Lamé and E. Clapeyron (1823). Mémoire sur la stabilité des volites, Annales des
Mines, 8.



« 1750-1760 — Bridge at Orleans

« 1757-1765 — Bridge at Mantes

« 1758-1764 — Bridge at Trilport

« 1765-1786 — Bridge at Chateau-Thierry
« 1766-1769 — Pont Saint-Edne at Nogent
« 1768-1774 — Bridge at Neuilly-sur-Seine
« 1770-1771 — Pont Les Fontaines

1774-1785 — Bridge at Sainte-Maxence sur
I'Oise

1775 — Bridge at Biais-Bicheret

1776-1791 — Bridge at Nemours

1776- — Bridge at Mirepoix, Ariege

1784-1787 — Bridge at Brunoy

1786-1787 — Bridge at Rosoy

1786-1791 — Pont Louis XVI, later renamed
Pont de la Concorde, Paris

Jean-Rodolphe Perronet (1708-1794)

In order to achieve all this monumental work in Structural Engineering,

Perronet developed unique skills in

(on which he

wrote extensively) and he is widely recognized as the


https://en.wikipedia.org/wiki/Orl%C3%A9ans
https://en.wikipedia.org/wiki/Ch%C3%A2teau-Thierry
https://en.wikipedia.org/wiki/Neuilly-sur-Seine
https://en.wikipedia.org/wiki/Nemours
https://en.wikipedia.org/wiki/Mirepoix,_Ariege
https://en.wikipedia.org/wiki/Brunoy#Patrimoine_civil

As the first director, organizer and professor of the Ecole des Ponts et
Chaussées, Jean-Rodolphe Perronet was a true spiritual father to his
students and introduced new teaching and administration methods which
seem very contemporary to modern eyes.

The Beginning of Modern Civil Engineering
1747: Bureau des éleves des ponts et chaussées

1775: Ecole des Ponts et Chaussées is the school that
marks the beginning of modern engineering!

Augustin-Louis Cauchy
1789-1857



https://en.wikipedia.org/wiki/%C3%89cole_nationale_des_ponts_et_chauss%C3%A9es
https://en.wikipedia.org/wiki/%C3%89cole_nationale_des_ponts_et_chauss%C3%A9es

Jean-Rodolphe
Perronet (8 October
1708 — 27 February
1794) was an eminent
French structural
engineer and educator
known for designing and what is now

planning the
construction of many

major stone arch bridges

in Paris His best-known

work is the Pont de |a
Concorde (1787).

Charles-Augustin de
Coulomb: 14 June 1736 — 23
August 1806, was a

French officer, engineer,

and physicist. He is best
known as the discoverer of

called Coulomb's law—that
is the description of

the electrostatic force of
attraction and repulsion. He
also did important work

on friction and failure of soil,
creating the basis for the later
development of of soil
mechanics.

Gabriel Lamé: 22
July 1795 — 1 May
1870, was a

French mathematician

who contributed to the
theory of partial
differential

equations by the use
of curvilinear
coordinates, and the
mathematical theory
of elasticity—including
a finite strain

theory upon
developing elaborate
mathematical tools.

Benoft Paul Emile
Clapeyron: 26 January
1799 — 28 January 1864)
was a
French engineer and phy

sicist, one of the founders
of thermodynamics. He is
known for developing

the ideal gas law, while
he formalized the
concept of internal strain
energy and work-energy
balance in elastic bodies
creating the basis of
energy methods in
Structural Mechanics



https://en.wikipedia.org/wiki/Structural_engineer
https://en.wikipedia.org/wiki/Arch_bridge
https://en.wikipedia.org/wiki/Pont_de_la_Concorde_(Paris)
https://en.wikipedia.org/wiki/Officer_(armed_forces)
https://en.wikipedia.org/wiki/Engineer
https://en.wikipedia.org/wiki/Physicist
https://en.wikipedia.org/wiki/Coulomb's_law
https://en.wikipedia.org/wiki/Electrostatics
https://en.wikipedia.org/wiki/Friction
https://en.wikipedia.org/wiki/Soil_mechanics
https://en.wikipedia.org/wiki/Mathematician
https://en.wikipedia.org/wiki/Partial_differential_equation
https://en.wikipedia.org/wiki/Curvilinear_coordinates
https://en.wikipedia.org/wiki/Elasticity_(physics)
https://en.wikipedia.org/wiki/Finite_strain_theory
https://en.wikipedia.org/wiki/Engineer
https://en.wikipedia.org/wiki/Physicist
https://en.wikipedia.org/wiki/Thermodynamics
https://en.wikipedia.org/wiki/Ideal_gas_law

Milutin Milankovitch (1904, 1907)
“"Theorie der Druckkurve"

Milutin Milankovi¢ (when anglicized
Milutin Milankovitch, 28 May 1879 - 12
December 1958) was a Serbian
mathematician, astronomer,
climatologist, geophysicist, and

Milankovi¢ developed the

, which characterizes
the climates of all the planets of the
Solar System and

This
partly explained the ice ages occurring in
the geological past of the Earth, as well
as the climate changes on the Earth
which can be expected in the future.




Difference between the thrust-force on a radial cut
and the tangent to the thrust-line

[ S -:
WX < 3 7 -0
4\ R, : thrust-force onaradial cut A i ’B F
] 2" N
tangent to the thrust-line s T AW
pHlp. el
thrust line A g AT Ry
i X Y/ A
v %
e
Milutin Milankovitch's analysis starts withig |
clear understanding that the thrust force ona— Pl
radial section is NOT tangent to the thrust line ' 7 / T

Ry
General expression for the difference between the direction of the thrust-force
and the tangent to the thrust-line for arches with variable section

Voody 1 52 dp (& . de (& di
—— = — —+ + +q| ——
TR H[gﬁ p(lzp §]Sm¢9d p(z é}sm(w )d— q( é}sm(w U)dx]




Polar Coordinate System

S Radial Cuts Construction of a physically

admissible thrust-line

—Hdv(x)+W ,dx—dW,e=0

w dw
tan =—"’=dv(x)+i 2
P H dx H dx

w
X

| JF Important conclusion reached by
Rin Aas Milankovitch (1904): The direction
of the thrust-force (tanyp= Wp/H)

Cartesian Coordinate System

S Vertical Cuts is not tfangent to the thrust-line

—Hd?](x)+chx—dWc%=O

W, _dn(x) 1dW,
tany , =—= +—
H dx 2 H

tan!//c :E:m
H dx

The direction of the thrust-force
(tany=Wp/H) is tangent to the

x=Rsing

Rin thrust-line
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v Médaille d’or, pour cristaux ;

A MM. Cbagot fréres, au Creusot prés Mont-
Cénis, Sadne-ct-Loire, et a2 Paris, Boulevard
Poissonniére ,, n% 11 (n°. 1639 bis ), '

Pour cristaux , rappel d’une Medaille d’or, qui leur
[ut-décernée en 1819

A la Manufacture royale des- glaces a Saint-
Gobin, et & Paris (n°. 1347 ),

Pour glaces coulées des plus grandes dimensions, ra ppel
d’une Meédaille d’or, qui fut décernée a cet établissement
en 18006 ; ,

A MM. Georgeon et Bontemps, a Choisy-le-Roi
(me. 1282 ),

Meédaille d’argent, pour cristaux, glaces sonfflées, ~

yerres plats et autres ;

A la Manufacture de glaces de Cirey, Menir-

the (n°. 1468), o
Pour glaces étamées et non étamées, rappel d’une Me-
daille d'argent, qui lui fut décernée ¢n 1819 ;

A M. deViolaine, a Prémontré, Aisne{n°. 358),

Médallle de bronze , pour verres de toutes dimensions
et de toutes couleurs.

1823 MEMOIRE
SUR LA STABILITE DES VOUTES,

Par M, G. LAME et E. CLAPEYRON,

Anciens éleves de I’Ecole polytechnique , aspirans-ingé-
nieurs au Corps royal des’ mines , majors du Génie des
voies et communications au serviée de Russie.

Lxprojet adoptépourla reconstruction de ’église
Sainl-Isaac, sttuée sur la place du palais d’hiver
aSt.-Pétersbourg,présente deux portiques sembla-
bles a‘celui du Panthéon de Rome; chacun d’eux
doit étre recouyert par une votute en berceau et
en plein cintre'et par deux plates-bandes laté-
rales. La construction de cette voite, de plus de
4o pieds de diantétre, assise sur des colonnades,
sans autre massif latéral pour résister i la pous-
sée, parait d’'une d’ifﬁcul[:é tres-gratde, et plu-
sieurs personnes em nient la possibilité.”Cest
pour ‘exarniner si ces doutes omnt quelques fon-
demens, qu'on nous a proposé de calculer la
poussée de cette voute , et d’indiC{uer'les précau-
tions a prendre pour en assurér la stabilité; on
nous a priés, a la meéme occasion, de reconnaitre
s1 le mur cylindrique qui devait soutenir le ddme
principal de Pédifice, aurait une épaisseur suffi-
sante pour: en-enipécher la dégradation.

Parmi les hypotheses sur lesquelles on a fon-
dé la théorie de I'équilibre des vottes, la seule
admissible est celle qui le rameéne & Péquilibre
de quatre leviers pesans, assemblés a charniéres ,
€gaux en poids aux deux portions de la voute



e FP
M. G. Lamé &

/‘é E. Clapeyron's introduction

of a vertical cut.

W This is apparently the
first time when attention

semsiesssiap is given to the
P stereotomy exercised.

M. G. Lamé & E. Clapeyron() indicated that if one takes vertical
cross sections the rupture location would be found from the
condition that the tangent to the intrados at point B passes
through the intersection of the forces Wand P

(1) Lamé, G. and Clapeyron, E. (1823). Mémoire sur la stabilité des vodtes,
Annales des Mines, 8.
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physically admissible

thrust-lines given by
L ~ 2N eqs (6) and (17)
B N
Z
R S
T
>
¢
1
x=Rsing }
— 1A\ X

Rin

n(x): cartesi
coordinates -
vertical cuts,

eq. (17)




Radial Stereotomy-Polar Coordinate System

Geometric
B H

e

x

Formulation
JH+ 11t +12R?)sin* ¢

P
pP) = H cos¢ + tRgsin ¢

t
pO=p,=R+>  p/D=R+
i Application of the
37(2+4)—(12+5) 27 BC gives the
6(2+ 1) expression of the
R minimum force H.

p(@) =R

372+ 4) —(2+ 12+ ) cos @
671(2+%)cosg—2(12+ ) cos g +12(2+ %) gsin ¢

¢

(s
~

A& p(p)is NOT the equation of a catenary!
When the arch reaches its minimum

04 -~ thickness p(¢p) touches the intrados at the

|41l imminent intrados hinge. At this location:

do(¢)/dp=0  p(p)=R-t/2

 t/R=0.10748, ¢=54.484

85 om om0 o o published in German in 1904 and later in 1907
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Theorie der Druckkurven, Von M. Mivaxxovirom. 1
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Theorie der Druckkurven.

Von Dr. M. MinangoviTcH in Wien.

Erstes Kapitel
Die Druckkurve, ihre Gleichung und ihre Eigenschaften.

Definition der Druckkurve.

1. Bs stelle ABCD (Fig. 2, S.5) einen Teil eines festen Trag-
korpers dar, der sich unter dem Einflusse #uBerer Krifte — Lasten
und Stiitzenwiderstinde — und des eigenen Gewichtes im Gleichgewichte
befindet.

Wir setzen voraus:

Der Tragktrper sei pri h, seine Erzeugenden seien senkrecht
zur Bildebene, die Leitlinien CNyN'B und DN,NA stetige Kurven
(Begrenzungskurven), der Tragkorper sei homogen und sein spezifisches
Gewicht sei g.

Die Tiefe des betrachteten Teiles des Tragkdrpers, — senkrecht
zur Bildebene gemessen — den wir zwischen zwei zur Bildebene paral-
lelen Ebenen eingeschlossen denken, sei f§.

Von den Lasten setzen wir voraus, daB sie alle in der Bildebene
wirken, fiber die Begrenzungskurven kontinuierlich verteilt sind und
sich von Punkt zu Punkt stetig iindern.

Anmerkung 1. Ist die Belastong des Tragktrpers keine stetige, so kann
derselbe in solche Teile getrennt werden, fiir welche die gemachten Voranssetzangen
gelten.

Denkt man sich nun einen ebenen, zur Bildebene senkrechien
Fugenschnitt NN’ durch den Tragkorper gefihrt, entfernt den rechten
Teil des so zerschnittenen Tragkérpers und stellt das zerstdrte Gleich-
gewicht durch die Kraft R wieder her, so nennt man die Kraft R die
Druckkraft des Fugenschnittes NN’ und ihren Angriffspunkt E an dem
gofithrten Fugenschnitte den Druckmittelpunkt des Fugenschnittes NN’

Werden nun nach einem bestimmten Gesetze — neh wir an
senkrecht zu einer gegebenen Kurve der Bildebene — unendlich viele

unendlich nahe ebene Fugenschnitte durch den I‘rngkarper gefithrt
Zoltochrift £. Mathematik w Physlk, 55. Baod. 1007, Heft 1/2.

"

Von M. Mivaxxoviren. 23

Die beiden Gleichungen (17) lauten mit Riicksicht auf (18)

9Z _ 43N
(18) g%—%(n+2)——a-97v»,ﬁ—0 oder N——— '5_ =0,

(19)(,:-—-%(»—2 %(11-{-2)-]\?; oder —(n—2)N=n+2)Z

* Die Gleichungen (18) und (19) kommen ersetzt werden durch die

Gleichungen:
(n+2) +(n-—2)~ =0,
(n+ 2)Z+(n—-2)N=-0.
Durch Einsetzung der Werte fiir Z und N aus (14) und (15) gelangt
man zu den Gleichungen:
(20) 3=(n +2)'— (20°— Ban*+ 24n+12x)cosp + 6 (n*—4) psing =0,
(21) 8(n*—4)singp+(2n"—3xn*+24n412x)sing 46 (1 —4) p cosgp =0.
Wird die Gleichung (20) mit sing, Gleichung (21) mit cosgp
multipliziertt und werden beide Gleichungen addiert, so folgt:
x(n+ 2)sing + (n — 2)sin2¢ + 2(n — 2)p = 0,
woraus:

(22) "_22¢+sin2q;—¢sin:p

2 + sin2p f weng
Aus der Gleichung (21) folgt:
(23) et 2 g(x — 9) 4 69 cotgy = 0.

Substituiert man den Wert fiir 2 aus (22) in die Gleichung (23), so
bekommt man eine Gleichung wit der einen Unbekannten ¢, woraus
man bestimmt:

@ = 54929",1)
Dann folgt aus (22)

n="2=0,1075.
r

' Beispiele.
17. Man konstruiers ein unbelastetes Gewolbe, welches den Forde-
rungen geniigt: 1. eine seiner Stiitzlinien falle mit der Gewdlbsachse
zusammen, 2. die Breite § der vertikal zu fihrenden Fugenschnitte sei

1) Ritter gibt an @ == 54°10°, Pilgrim gibt an g = 54°27° Die Werte

fiir » stimmen bei beiden Autoren mt. den unserigen iberein.



The “hanging chain” = catenary (alysoid)

Rex=R+t/2
x _— —_
h(x) =R, [1+ a(l—cosh( ] h(0)=R+t/2=Rex
aRex h(REX):O

y 0=0.61876
A catenary .
2 curve, eq. (19) '
b I |
B T | |
N>~ \coordinates |
N }gdial cuts, |
O eq. (6) |
\\ | coordinates - \\ |

N vertical cuts,
AN =eq. (17) :
\
R \ I |
R =\ |
—~ I \\ | A(x): catenary |
x | v\ ] pourve, eq. (19) |
[ = | \\ l | I
P | || |
- — 1 : :
— - |
x=Rsing L F |
Q Rin AN\ X



Confirmation that the catenary (the "hanging chain") is NOT

a physically admissible thrust-line

TQ
AN
AN \ \
y'=40.114°1 \
N\

(3) magnitude of
Waq corresponding
to the shaded areca

\WY
=309
(4) line not parallel to QM
(v'=40.114°#4y=39.817 °=>
contradiction); therefore, the
assumption that the catenary
is a thrust-line is absurd!

\

(2) unique cut needed so
v=39.817° that the CG of the shaded

. portion is along the vertical

line that passes by M

(1) known direction
of the thrust-force
\(tangential to the
catenary at point Q)
\

catenary curve

\ (x), eq. (19)

\

\\t/R=0. 12

Rin



Is the catenary (the “hanging chain”) a physically
admissible thrust-line of the symmetric masonry arch?

Symmetric masonry arch Symmetric arched monolith
with physical joints with zero tensile strength
y y direction of cut through point Q
. _ o direction of the thrust-force at =25 357°_ that is needed so that the CG of
H &A M ‘I"_25 337 joint CD is dictated by the Hﬁ“‘; — ‘ the shaded portion is along the
t.?[. ' D tangent to the catenary pid 2o _______ vertical line that passes by M

catenary

Q = /2y X 0 wt/24 X

xce/a=0.189 # xv/a=0.195 We=23.3357°F ye=25.662°

Makris, N., Alexakis, H.: The effect of stereotomy on the shape of the thrust-line and the minimum thickness
of semicircular masonry arches. Arch. Appl. Mech. 83, 1511-1533 (2013). d0i:10.1007/s00419-013-0763-4



Jacque Heyman (1969)1) - Geometric Formulation

o 28cosB+sinfcos?f4sinf 1w

(a) Be t8[2)8cosﬁ+:sinﬁcos2ﬁ~sin1800:s,8 2
t _ 5 (B—sinp)(1—cosp)

(b) R™* B(1+cosp) °

(c) Assumption: The direction of the thrust-force at the intrados
hinges lies fangent to the intrados

t/R=0.106, p=¢=58.9°

(1) Heyman, J., 1969. The safety of masonry arches. Int. J. Mech. Sci. 11, 363-385.



Later Developments

2002: J. Ochsendorf completes his PhD thesis® at
Cambridge under the supervision of J. Heyman and
usinga " " equation verifies Milankovitch's
(1904, 1907) result (t/R=0.10748, p=54.484°) which is
referenced in his thesis.

2009: J. Heyman recognizes his unconservative
solution(®; and introduces the idea of multiple solutions
depending on the stereotomy exercised

(1) Ochsendorf, J., 2002. Collapse of masonry structures. PhD thesis,
Dept. of Engineering, Univ. of Cambridge, Cambridge, U.K.

(2) Heyman, J., 2009. La Coupe des Pierres. Proc. 3rd int. cong. on
Construction History, Cottbus, 2, pp 807-812.



Vertical Stereotomy-Cartesian Coordinate System
Geometric Formulation

W(x)
n(x) =1, - dx W. _dn(x)
x /2]
[ () T
X)=R+—— 4 :
17(x) [4rit
w-(1-— R
T 2+
1 ¢ 1 ¢
c¢=l+—— ¢, =1-——
2 2R R
1t., x° , X
yex(x):R\/(1+§E) m R S Rye T
1t, x° , X
(x)=R,|(1——— ——=R1/c -—
yzn() \/( 2R) RZ 2 R2 Q

| X )
W(X)—W;[?Z'-F?(\/Cl R2

1 X x> R
W(X) =W = 7r+—1/C2————C2
() 7Z'( t 1 R2 t 1

arccos(i))

1

minimum
thrust-line

&
g [ K
2z W
5 3
.E‘D g
— =,
2
= Yo K
Ne
=
xr=0.7736R \1
\F
: 1A\ X
Rin

¢y C,

2 2
X , X R X 5 X
—— —.|c; ——)——(c; arccos(—) + ¢, arccos(—
\/2 Rz) t(l (R )+¢; (R )]

for 0<x<R-t/2

for R-t/2<x<R+t/2



Equation of the minimum thrust-line after adopting a
cartesian coordinate system

R 2 R 2 2
v (x)(2c2 =+ ’L) y. ()22 o B iy (;z; c? arccos(R—) +c2 arccos(R )

Rt t c, C,

t
X)=R+——
n(x) 5

37z—(12+R2)/(2+R)

for 0<x<R-t/2

v, (x)(2c] 2 R + —) 3R[c, (7 - ¢! 2 R arccos( ) + 2= \/7 (c] - ——)] + 3x£ (7ri cl arccos(—))
t t R Re,

t
nx) =n(R=2) -

37[—(12+R2)/(2+R)

for R-t/2<x<R+t/2
n(x) In NOT The equaTlon Of a CGT@”Gf‘Y! Makris, N., Alexakis, H.: The effect of

stereotomy on the shape of the

d 77()() | _ dyin (X) | thrust-line and the minimum

=X thickness of semicircular masonry
dX ~ “Tarches. Arch. Appl. Mech. 83, 1511—

@ dX 1533 (2013). d0i:10.1007/s00419-
013-0763-4
result from cartesian coordinates

t/R=0.10946, p=54.923c  [esult from cartes
t/R=0.10748, =54 4840 fes frampoi cooraotes

n(x,) =y, (x,)



Radial Stereotomy-Polar Coordinate System
Variational Formulation

xlle_COS¢r(1+lt—22) X, =R-2
@, 12 R T -

Moment equilibrium of the half arch about

point F:
32+ —(12+ %)
6(2+1)

H=1R

H

(1+Li)

Moment equilibrium of part 1 about point K:

H[R+§—<R—§)cos¢r]=Wl[(R—g)sinqﬁr—xl]

2 2

Q

2

A
B CaGi
Y assumed
X7 N radial
1W1 AN rupture
\\
AN
N\
K N\
\
\\
@ b
\\
\
Pr ‘
El | |F
: A X
Rin

[2% (% +12)— 37[(% -4)]cosg, = 37[(% 12+ 6(% _4)4 sin ¢,

2, (4)()° + 2,47 + 2, (4) - +8,(6) =0

For a given value of o.
ohe obtains 3 roots
for t/R

a,(¢,) = 2cos(¢,)
a;(¢,) =—12(w —2co0s(¢,))

a,(@,) = =3[ 7(1+cos(4,)) +2¢, sin(9,)]
a,(9,) = —12[7(1-cos(¢,)) — 24, sm( 4, )]



t.s t,, t Al 012 , . S
a‘1 (¢r )(E) + a'2 (¢r )(E) + a'3 (¢r ) E + a4 (¢r ) =0 t/R=0.10748 P d(ti(%):o
o1 | Couplet’s solution
A =18, 0,00, — b, + coaie — Aoyl — 2Tt a >0 t/R=0.101
0.08}
t - =
— <0 Rejected s
R = 0.061 )
e 5
= o <| b
t 0.04 2 | @
Shb=T(4)|  Accepted ;
0.02}
L s> 10 i T e
E |3> RGJECted % 100 20 30 40 50 60 70 80 90

rupture angle or (°)

A variational statement of equilibrium

oIl = Pov — oV =0
— — L

Variational  External
indicator Work

Stored potential
or ... strain energy

Principle of Stationary Potential Energy



Principle of Stationary Potential Energy

Potential energy of B 1 ¢
the semicircular arch: V=W-y, = _(1+12 R2

where y,=R(12+(t/R)?)/6, W = %tR

Since t/R=f(p,): 1
V(¢r) — RBf(¢r)(1+E f(¢r)2)

is a typical structural system where
and where
According to
the principle of stationary potential energy,
is in an equilibrium state if and only if
the :

V@) 5 g

r

N (4,) =




dV (4,)
N (4,) = i 54 =0 i ”
| af (@)

or: 15 g f(¢) )] =

The quantity in brackets is always positive so 6V (g4, ) =0
only if:

Makris, N., Alexakis, H.: The effect of

d( [ ) stereotomy on the shape of the thrust-line and
df(¢,, ) . R - O the minimum thickness of semicircular
d — d — masonry arches. Arch. Appl. Mech. 83, 1511-
¢r ¢r 1533 (2013). d0i:10.1007/s00419-013-0763-4

which is satisfied when: t/R=0.10748, =54.484°

This is precisely the result obtained by Milankovitch
(1904), derived now with a variational formulation.




Vertical Stereotomy-Cartesian Coordinate System
Variational Formulation

H A

Moment equilibrium of part 1 about point K: x},

assumed

H (R +%_ yin(xr)) :W1(Xr o Xl)

vertical
rupture

Xr
R
where: &
32+ —(12+ 4
H =R Ctw-02+5) o |
6(2+%) e
\/ X, ? \/ 2 X ? 2 X ) > Rin t X
W, = R2 —.lc,” ——)+c,“arcsin(——) —-c
( R 2 Rg) 1 (Rcl) 2 C2
2i( iL)_i[( _xrz)3/2_(02_xr2)3/2]
X =R R 12 R? “ R? 2 R2

2 2
X 2 X 2 X . X 2 . X
Trider =T Je? " Y4 elaresin( ) — ¢, arcsin( "
R(\/1 \/2 Rz) | (R) ) (R)

¢ C,



Numerical solution of moment equation: |H(R+ % — i, (X)) =W, (X, —X,)
0.12 e
YR=0.10946 )
. (xr/R)
gives the graph: | > 01l
! X,
where E—f(;) 0.08}
& 0.06 &
The potential energy of the arch is: 0.04} %
X X 1 x |
VED) =R F(E2)-(1+— f(=2)? 0.02}
(R) f(R)( 12f(R))
O 1 1 I 1
0 0.2 0.4 0.6 0.8 1
xr/R

The geometrically admissible hinged mechanism with a vertical r'up‘rur'e is in
equilibrium state if and only if the potential energy is stationary: é\/( ) 0

df( ) d()

. K- @) t/R=0.10946, ¢:54,9z3o

d—- d—

This result obtained with a variational formulation is precisely the same result
obtained earlier with a geometric formulation.



Minimum allowable thickness and rupture locations
of a semicircular monolith with zero tensile strength

Radial Cuts

Polar Coordinate System

Vertical Cuts
Cartesian Coordinate System

Minimum thickness

Rupture angle (R=R, +t/2)

Minimum thickness

Rupture angle (R=R, +t/2)

Minimum thickness of a
semicircular arch needed to
accommodate a catenary curve

¢, =BQK=54.484° t/R=0.10748

9, ~BQK=54.923° t/R=0.10946

t/R=0.11166~1/9=0.11111

M. Milankovitch (1904, 1907):
Geometric Solution

¢J. Ochsendorf (2002): Trial-and-error
solution of the “work balance” equation
o This work: Principle of Stationary
Potential Energy

eThis work:
(a) Geometric Solution
(b) Principle of Stationary Potential Energy

eThis work:

Geometric Solution

The catenary curve is not a
physically admissible thrust-
line; therefore the point that
touches the intrados of the arch
(p\=56.746°) is not an
imminent hinge.

Makris, N. and H. Alexakis, "The Effect of Stereotomy on the Shape of the Thrust-Line
and the Minimum Thickness of Semicircular Masonry Arches”, Archive of Applied
Mechanics, Vol. 83, Issue 10, 2013, pp. 1511-1533.




206 SUR LA STABILITE )

ral, on doit considérer la limite XZ comme trop
éloignée du point de rupture.D’aifleurs ce qu'on
doit se proposer daus la pratique est d’augmen-
ter la stabilité de la votite en employant le moins
possible de matériaux : or il est aisé de voir
qu’une masse donnée augmente d’autant plus le
moment de stabilité, qu'elle se trouve placge
plus pres de la verticale passant par le point de
rupture : cési donc pres de cette ligne sur-tout
quil est convenable de charger la votte.

5. Le point de rupture correspond au cas ol

ma : o
—— est un maxuniin, A1Nsl que nous venons de

I3

Tétablir : or, pour qu’on puisse calculer ce maxi-
mumn, et par conséquent déterminer la position
du point de rupture, il faut connaitre suivant
quelle ligne se faitla séparation de la voute; Jiex-
périence apprend quelle se dirige d’abord nor-
malement a la courbe avec le plan de joint d’un
voussoir, puis se redresse et s'éléve jusqua Pex-
trados , en suivant une ligne plus ou moins si-
nueuse. Ainsi la ligne de séparation de la votute
est toujours plus ou moins a gauche de la verti-
cale passant par le point de rupture. Pour fixer
cette incertitude ct éire sur de ne pas arriver a
des résultats trop faibles dans la pratique, nous
supposerons que la fente se fasse dans la direc-
tion a laquelle correspond la valeur mmaximum
du moment de BCKH par rapport aBS(fig-2);
Cest-a-dire suivant la verticale B S elle-méme,
car toute portion de la masse tendant 4 se déta-
cher, qui serait située 4 gauche deBS, diminue-
rait le moment total en donnaut un {erme né-
gatif.

DES VOUTES. 797

Dans cette hypothése, ma représente le mo-
ment de la‘ surface BCKH, BH étant vertical,
par rapport & BS. Or, le point de rupture, devant

, . ma
correspondre au cas ou — est un maximum
’

est celui pour lequel cette expression est cons-
tante lorsqu’on passe d'un point B au point infi-
niment yoisin b ; il faut pour cela que lon ait:
ma est a h comme la différentielle du momen.l:
ma est i celle de /. Or, en passant du point de
: B au point 4 infiniment voisin sur la courbe in-
trados, I augmente de D ; et ma dem X BD
plus le moment de la masse additionnelle B4sS ,
par raEporth la verticale b5, ce dernier niomem’:
est un iufiniment petit du second ordre , et dis-

parait devant 7z > BD : on a donc au point de
rupture......

ma m x BD BD

~~=—ouz_. -
k LD gl

—

Ce qui apprend gue le point de rupture est celus
pour lequel la tangente a ['intrados, en ce point
vient couper [l'horizontale passant par le som/ne;
de la clef; au méme point que la verticale passant
par le centre de gravité de la masse tendant a se

détacher. T2 est alors égal a 1 0r
- s égal a la masse m divisée

par la t‘an,gente de lTangle a Uhorizon de la tou-
chante a I'mtrados au point de rupture.

. ('.Ie resu!;at‘remarquable par sa simplicité nous
paru utile 2 énoncer; parce que, sans exiger



M.G. Lamé and E. Clapeyron: Mémoire sur la stabilité des volites (1823)

“l'expérience apprend qu’elle se dirige d’abord normalement a la courbe avec le
plan de joint d’un voussoir, puis se redresse et s’éleve jusqu’a 'extrados”

K K
Lo pATi S p
e T e

syl AN
#i‘!&"“ . .""'v'g'm*.\
=) S
=75 Ot
/B DAV P
sl Yo
a3 g
S =

— W
2 s
M —
r: -ﬁ

T, 8
T =

X L)

n | J

=, I

F—= G F G

Observed path of a rupture that initiates radially (points B and D) along the physical
joint between two adjacent vitruvius voussoirs and subsequently it propagates
upwards following a nearly vertical direction.
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Vertical ruptures corresponds to
the lower collapse mechanism  °=
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Application of the Variational Method to Calculate the
Minimum Thickness of Elliptical Masonry Arches
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Formation of a hinge mechanism in an
elliptical arch by assuming that the
rupture that initiates at the intrados
hinge, K, develops along a broken line
which initiates perpendicular to the
intrados up to the mid-thickness of the

arch and subsequently redirects upwards

propagating along the vertical.

Minimum thickness t/a and radial locations ¢,=BQK of the intrados hinge K of elliptical arches
with b/a=0.5, b/a=1 (semicircle) and b/a=1.5 for the various stereotomies examined in this work.

Rupture direction b/a=05 b/a=1 b/a=1.5

w (°) t/a o, (°) w (°) ta ¢ (°) w (°) ta ¢ (°)
Radial 15558 010127  74.442 49677 010135 40.323
_ 51.315  0.10278  74.395 26.737  0.10038  40.430
intrados
Lamé & Clapeyron’s
observation 51.193  0.10309  74.465 35291  0.10846  54.709 26541  0.10163  40.659
Vertical 90.000  0.10340  74.533 90.000 0.10946  54.923 90.000 0.10291  40.875




The educational and practical value of the “hanging chain”

The minimum thickness of a circular arch that is needed to

accommodate a catenary curve given by: i(x)=R _[1+a(l —cosh(%))]
a

h(xy) =y, (xy)
1 dh(x) - dy,,(x) |
dx dx
i 1 x, Xy
[1 + a(l COSh(—C1 f))] — - ?
i sinh( —— XN)W/cz—ﬁ—x—Nzo
ac, R * R* R

L

t/R=0.11166, ¢=56.746°

ex

'y
H A M
573 . w=o~=56.746° (2) unique cut needed so
i that the CG of the shaded
portion is along the vertical
""" line that passes by M

(3) magnitude of
WN corresponding
to the shaded area

H

(1) known direction
./ \of the thrust-force
y'=56.505°! N \ (tangential to the

WN \catenary at point N)
TN

\
\
o (4)lifie not parallel to NM
P=36.746° 1 s6 505° AY=56.746°=> \
contradiction); therefore, the \
assumption that the catenary |

N

\

catenary curve
h(x), eq. (19)

Q

is a thrust-line is absurd! | F
: 1t X
Rin Zg



Minimum thickness of an elliptical arch
needed to accommodate a catenary
Rad I al Cuts Ve rtl Cal CUtS (alysoid). The catenary is not a
physically admissible thrust-line;
Polar Coordinates Cartesian Coordinates therefore, the location xy (py) where the
catenary touches the intrados is not an
imminent rupture location.
Minimum Rupture Rupture Minimum Rupture Rupture
thickness: angle: location: thickness: angle: location:
b/a t/a 0. (%)= X/a t/a QL X/a t/a on(°©) Xn/a
BOK BQK
0.25 10.08273 84.123 0.86659 0.08422 84.101 0.86487 0.08029 84.213 0.87085
0.5 0.10127 74.442 0.81830 0.10340 74.533 0.81841 0.10242 75.067 0.82647
0.75 10.10709 64.015 0.78906 0.10925 64.299 0.79108 0.11045 65.443 0.80248
1 0.10748 54.484 0.77021 0.10946 54.923 0.77359 0.11166 56.746 0.78956
1.25 10.10513 46.567 0.75828 0.10689 47.090 0.76257 0.10928 49.570 0.78400
15 0.10135 40.323 0.75154 0.10291 40.875 0.75642 0.10502 43.951 0.78387
1.75 10.09684 35.516 0.74903 0.09821 36.067 0.75431 0.09986 39.670 0.78789
2 0.09200 31.857 0.75016 0.09324 32.395 0.75568 0.09439 36.446 0.79497

Alexakis, H. and N. Makris, "Minimum Thickness of Elliptical Arches", Acta Mechanica,
Vol. 224, Issue 12, 2013, pp. 2977-2991.




Pierre Couplet, 1729: t/R = 0.101, ¢p=45°

Joaquin Monasterio, 1805-1810 : 0.1053 < t/R < 0.1176

Milutin Milancovitch, 1904-1907: t/R = 0.1075, ¢p=54.48°
Jacque Heyman, 1969 t/R=0.106, p=¢p=58.9°
John Ochsendorf, 2002 t/R=0.1075, ¢=54.48°

Makris and Alexakis 2013 t/R=0.1075, ¢=54.48°

Infinite many neighboring solutions

depending on the stereotomy exercised

Our result serves safety t/R=0.1095, ¢=54.92°

In my mind, during our research as engineers and scientists
every now and then when
our understanding transitions from confusion to clarity!



In November 2024, Nicos Makris was elected foreign member of the Serbian
Academy of Sciences and Arts (SASA) for showing: (a) that there is an infinite
number of neighboring minimum thickness values for the masonry arch,
depending on the stereotomy exercised (Milankovitch result is one of them for radial
stereotomy); and (b) that the hanging chain (the catenary) is NOT a physically
admissible thrust line for the masonry arch.
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