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The Reconstruction of the North-East Corner of the Temple of 
Zeus at Nemea: 2003-2009







Semicircular masonry arches are known from 
the ancient times―before the Roman arch

Olympia Stadium, Greece Nemea Stadium, Greece

Theatre of Filippi, Kavala, Greece

Given the long history of these 
structures their exact stress and 
deformation state is not known—a 
situation that challenges any kind of 
stress analysis. On the other hand, a 
limit-state analysis is independent of 
the existing stress and deformation 
state. 



The challenge of sizing 
the thickness of stone 
arches continues to be 
in the forefront of 
structural engineering 
through the centuries 
given the immense 
human effort needed 
during construction



The challenge of sizing the thickness of stone arches 
emerged as one of the most important optimization 
problem in the 18th and 19th centuries.



The Noutsos-Kokkoros stone arch 
bridge at the Bikos canyon (1750-1768)

t

R
β

The main question:

What is the minimum value of t/R, 
for a masonry arch to carry its 
own weight? 





Robert Hooke (1676)

abcccddeeeeefggiiiiiiiillmmmmnnnnnooprrsssttttttuuuuuuuvx

Ut pendet continuum flexile, sic stabit contiguum rigidum inversum

2 years after Hooke’s death (1703), the executor of his will uncovered the latin anagram:

As hangs the flexible line, so but inverted will stand the rigid arch

Poleni (1748)



Remarkable application of Hooke’s “hanging chain” on 
the stability analysis of arches and domes

Poleni (1748) assessed the 

safety of the cracked dome of 

Saint Peter’s Church.

Antonio Gaudi (1852-1926) design 

the Church of Colonia Güell with the 

help of a 3D hanging chain model



The remarkable directness of Hooke’s “hanging chain” is probably 
the reason that it is widely believed that the catenary (the 
alysoid) is a physically admissible thrust-line of the masonry arch 

From Huerta (2006)



Thrust-line (line of 
resistance, Moseley 
1843, or druckkurve, 
Milankovitch, 1904, 
1907):

Is defined as the 
geometrical locus of 
the application points 
of the resultant thrust-
force that develops at 
any cross-section of 
the arch.



Limit-state of symmetric masonry arches
Statement of the problem: Pierre Couplet (1729, 1730)

5-hinge mechanism
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φ=?

3 unknowns:  H, t/R, φ
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arched monolith 
that does not 

sustain tension 

2 equations:  ΣΜF=0 and ΣΜK=0

Couplet, P. De la poussée des voûtes, Histoire de l’Académie Royale 

des Sciences, Paris (1729, 1730)



Couplet (1729,1730)

45o

t/R=0.101, (φ=45ο)

Minimum thickness of the semicircular arch

Pierre Couplet, by assuming the rupture angle φ=45ο, he forced 
the selection of the mechanism; therefore, his solution is 
unconservative, given that a neighboring mechanism might have 
developed at a larger thickness

R
t

δθ

K
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Clearly GK is shown to 
be NOT be tangent to 
the intrados
In several occasions 
P. Couplet has been 
incorrectly criticized 
for NOT taking GK 
tangent to the 
intrados
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Homage on Pierre Couplet’s remarkable contributions

At the dawn of the twentieth century, the Serbian engineer and 
astronomer Milutin Milankovitch showed in a lucid way that when a 
masonry arch forms a radial rupture, what is tangent at the 
intrados hinge K is the thrust line—not the thrust force at the 
location of the rupture. Unfortunately, Milankovitch’s seminal work 
in 1904-1907 remained nearly unknown until very recently; and we 
only now recognize that Pierre Couplet’s intuition for not taking the 
resultant thrust force, GK, tangent to the intrados was indeed 
correct! 

So in the absence of energy methods (they were formalized in a 
useful way a century later by E. Clapeyron), back in 1730, Pierre 
Couplet did as well as one could possibly do to estimate the 
minimum thickness of a semicircular masonry arch subjected to its 
own weight (t/R = 0.101).



1696 Johann Bernoulli, Brachistochrone curve

1729, 1730 Pierre Couplet: Minimum thickness of arches

1733 Leonhard Euler, Elementa calculi variationum

1762, 1773 Joseph Louis Lagrange (1736-1813), Euler-
Lagrange equation

1773 Charles-Augustin de Coulomb (1736-1806), Theory 
of “minima & maxima”

1785 L. Mascheroni, Early statements of the principle 
of stationary potential energy: Mascheroni, L.: Nuove 

ricerche sull’equilibrio delle volte. Bergamo (1785)

State of knowledge in the 18th century



Charles-Augustin de Coulomb
Theory of Maxima and Minima, 1773

maxmin minmax HHH 

qm

Gq
WH

QM

gM
W 

Augustin Coulomb recognizes that
masonry arches have finite thickness
and his minima and maxima analysis
from moment equilibrium departs
from the concept of the catenary
(alysoid) along which bending moments
are invariable zero!

Lower of the 

upper bound

Higher of the 

lower bound



1/9<t/Rin<1/8

0.1053<t/R<0.1176
First known 
correct result
for the minimum 
thickness of the 
semicircular 
masonry arch

Albuerne & Huerta (2010)

Rin=R-t/2

Important Remark: 
Monasterio’s lower limit t/R=0.1053  is LARGER than 
Pierre Couplet’s unconservative solution t/R=0.101 

Joaquín Monasterio, Spanish engineer (1805-1810)

Nueva Teórica sobre el Empuje de Bóvedas



France: late 17th, 18th and early 19th century: The idea of Collapse Hinge-Mechanism

P. de LaHire (1640-1718): First application of funicular polygon to the solution of arch 
problem: 1695: book “Traité de Méchanique”

P. Couplet (1729,1730): First attempt to calculate the minimum thickness of masonry 
arches

A.F. Frézier quotes tests by Danizy (1732) describes clear modes of collapse
1739: book “Traité de la Coupe des Pierres”

C. A. de Coulomb (1736-1806): 1773: theory of “minima & maxima”
Essai sur une application des règles de maximis et minimis a quelques
problèmes de statique, relatifs à l’architecture. Mémoires de 
Mathématique et de Physique présentés à l’Academie Royale des Sciences

Considerable number of tests at the end of 18th century by
Gauthey, Boistard, Rondelet

Jean-Rodolphe Perronet (1708-1794): Designed and constructed 14 major masonry 
arch bridges in Paris within a period of 40 years.

G. Lamé and E. Clapeyron (1823). Mémoire sur la stabilité des voûtes, Annales des 
Mines, 8.

Contribution on the stability (limit state) 
analysis of masonry arches and bridges



• 1750–1760 – Bridge at Orléans

• 1757–1765 – Bridge at Mantes

• 1758–1764 – Bridge at Trilport

• 1765–1786 – Bridge at Château-Thierry

• 1766–1769 – Pont Saint-Edne at Nogent

• 1768–1774 – Bridge at Neuilly-sur-Seine

• 1770–1771 – Pont Les Fontaines

• 1774–1785 – Bridge at Sainte-Maxence sur 

l'Oise

• 1775 – Bridge at Biais-Bicheret

• 1776–1791 – Bridge at Nemours

• 1776- – Bridge at Mirepoix, Ariege

• 1784–1787 – Bridge at Brunoy

• 1786–1787 – Bridge at Rosoy

• 1786–1791 – Pont Louis XVI, later renamed 

Pont de la Concorde, Paris

In order to achieve all this monumental work in Structural Engineering, 
Perronet developed unique skills in construction management (on which he 
wrote extensively) and he is widely recognized as the Founder of 
Construction Management   

Jean-Rodolphe Perronet (1708-1794)

https://en.wikipedia.org/wiki/Orl%C3%A9ans
https://en.wikipedia.org/wiki/Ch%C3%A2teau-Thierry
https://en.wikipedia.org/wiki/Neuilly-sur-Seine
https://en.wikipedia.org/wiki/Nemours
https://en.wikipedia.org/wiki/Mirepoix,_Ariege
https://en.wikipedia.org/wiki/Brunoy#Patrimoine_civil


As the first director, organizer and professor of the École des Ponts et 
Chaussées, Jean-Rodolphe Perronet was a true spiritual father to his 
students and introduced new teaching and administration methods which 
seem very contemporary to modern eyes. 

The Beginning of Modern Civil Engineering
1747: Bureau des élèves des ponts et chaussées

1775: École des Ponts et Chaussées is the school that 
marks the beginning of modern engineering!

Claude-Louis Navier

1785 – 1836

Augustin-Louis Cauchy

1789-1857

https://en.wikipedia.org/wiki/%C3%89cole_nationale_des_ponts_et_chauss%C3%A9es
https://en.wikipedia.org/wiki/%C3%89cole_nationale_des_ponts_et_chauss%C3%A9es


Jean-Rodolphe 

Perronet (8 October 

1708 – 27 February 

1794) was an eminent 

French structural 

engineer and educator 

known for designing and 

planning the 

construction of many 

major stone arch bridges

in Paris His best-known 

work is the Pont de la 

Concorde (1787).

Charles-Augustin de 

Coulomb: 14 June 1736 – 23 

August 1806, was a 

French officer, engineer, 

and physicist. He is best 

known as the discoverer of 

what is now 

called Coulomb's law—that 

is the description of 

the electrostatic force of 

attraction and repulsion. He 

also did important work 

on friction and failure of soil, 

creating the basis for the later 

development of of soil 

mechanics.

Gabriel Lamé: 22 

July 1795 – 1 May 

1870, was a 

French mathematician

who contributed to the 

theory of partial 

differential 

equations by the use 

of curvilinear 

coordinates, and the 

mathematical theory 

of elasticity—including 

a finite strain 

theory upon 

developing elaborate 

mathematical tools.

Benoît Paul Émile 

Clapeyron: 26 January 

1799 – 28 January 1864) 

was a 

French engineer and phy

sicist, one of the founders 

of thermodynamics. He is 

known for developing 

the ideal gas law, while 

he  formalized the 

concept of internal strain 

energy and work-energy 

balance in elastic bodies 

creating the basis of 

energy methods in 

Structural Mechanics

https://en.wikipedia.org/wiki/Structural_engineer
https://en.wikipedia.org/wiki/Arch_bridge
https://en.wikipedia.org/wiki/Pont_de_la_Concorde_(Paris)
https://en.wikipedia.org/wiki/Officer_(armed_forces)
https://en.wikipedia.org/wiki/Engineer
https://en.wikipedia.org/wiki/Physicist
https://en.wikipedia.org/wiki/Coulomb's_law
https://en.wikipedia.org/wiki/Electrostatics
https://en.wikipedia.org/wiki/Friction
https://en.wikipedia.org/wiki/Soil_mechanics
https://en.wikipedia.org/wiki/Mathematician
https://en.wikipedia.org/wiki/Partial_differential_equation
https://en.wikipedia.org/wiki/Curvilinear_coordinates
https://en.wikipedia.org/wiki/Elasticity_(physics)
https://en.wikipedia.org/wiki/Finite_strain_theory
https://en.wikipedia.org/wiki/Engineer
https://en.wikipedia.org/wiki/Physicist
https://en.wikipedia.org/wiki/Thermodynamics
https://en.wikipedia.org/wiki/Ideal_gas_law


Milutin Milankovitch (1904, 1907)
“Theorie der Druckkurve”

Milutin Milanković (when anglicized 
Milutin Milankovitch, 28 May 1879 – 12 
December 1958) was a Serbian 
mathematician, astronomer, 
climatologist, geophysicist, and 
civil/structural engineer

Milanković developed the "Canon of the 
Earth's Insolation", which characterizes 
the climates of all the planets of the 
Solar System and subsequently explaned
Earth's long-term climate changes 
caused by changes in the position of 
the Earth in comparison to the Sun, 
now known as Milankovitch cycles. This 
partly explained the ice ages occurring in 
the geological past of the Earth, as well 
as the climate changes on the Earth 
which can be expected in the future.



Difference between the thrust-force on a radial cut
and the tangent to the thrust-line

: thrust-force on a radial cut

General expression for the difference between the direction of the thrust-force 
and the tangent to the thrust-line for arches with variable section

thrust-line

tangent to the thrust-line

Milutin Milankovitch’s analysis starts with a 
clear understanding that the thrust force on a 
radial section is NOT tangent to the thrust line
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Construction of a physically 
admissible thrust-line

Important conclusion reached by 
Milankovitch (1904): The direction 
of the thrust-force (tanψp=Wp/H) 
is not tangent to the thrust-line

The direction of the thrust-force 
(tanψp=Wp/H) is tangent to the 
thrust-line



1823



M. G. Lamé & E. Clapeyron(1) indicated that if one takes vertical 
cross sections the rupture location would be found from the 
condition that the tangent to the intrados at point B passes 
through the intersection of the forces W and P

P

W

(1) Lamé, G. and Clapeyron, E. (1823). Mémoire sur la stabilité des voûtes, 

Annales des Mines, 8.

M. G. Lamé & 
E. Clapeyron’s introduction 
of a vertical cut.
This is apparently the 
first time when attention 
is given to the 
stereotomy exercised.

P
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t/R=0.10748, φ=54.484ο

ρ(φ)=R-t/2

H

Radial Stereotomy-Polar Coordinate System 
Geometric Formulation

published in German in 1904 and later in 1907 

ρ(φ) 

ρ(φ) is NOT the equation of a catenary!

dρ(φ)/dφ=0

When the arch reaches its minimum 
thickness ρ(φ) touches the intrados at the 
imminent intrados hinge. At this location:

Application of the 

2nd BC gives the 

expression of the 

minimum force H. 





Rex=R+t/2

h(0)=R+t/2=Rex))]cosh(1(1[)(
ex

ex
aR

x
aRxh −+=

α=0.61876 

The “hanging chain” = catenary (alysoid) 

h(Rex)=0



Confirmation that the catenary (the “hanging chain”) is NOT 
a physically admissible thrust-line



Is the catenary (the “hanging chain”) a physically 
admissible thrust-line of the symmetric masonry arch?

Symmetric masonry arch 
with physical joints

Symmetric arched monolith 
with zero tensile strength

catenary
catenary

Makris, N., Alexakis, H.: The effect of stereotomy on the shape of the thrust-line and the minimum thickness 
of semicircular masonry arches. Arch. Appl. Mech. 83, 1511–1533 (2013). doi:10.1007/s00419-013-0763-4



t/R=0.106, β=φ=58.9ο

R

Jacque Heyman (1969)(1) – Geometric Formulation

(a)

(c) Assumption: The direction of the thrust-force at the intrados 
hinges lies tangent to the intrados 

(b)

(1) Heyman, J., 1969. The safety of masonry arches. Int. J. Mech. Sci. 11, 363-385.



2002: J. Ochsendorf completes his PhD thesis(1) at 
Cambridge under the supervision of J. Heyman and 
using a “work-balance” equation verifies Milankovitch’s
(1904, 1907) result (t/R=0.10748, φ=54.484ο) which is 
referenced in his thesis.

2009: J. Heyman recognizes his unconservative 
solution(2); and introduces the idea of multiple solutions 
depending on the stereotomy exercised

Later Developments 

(1)Ochsendorf, J., 2002. Collapse of masonry structures. PhD thesis, 

Dept. of Engineering, Univ. of Cambridge, Cambridge, U.K.

(2) Heyman, J., 2009. La Coupe des Pierres. Proc. 3rd int. cong. on 

Construction History, Cottbus, 2, pp 807-812.
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Equation of the minimum thrust-line after adopting a 
cartesian coordinate system

for 0≤x≤R-t/2
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η(x) in NOT the equation of a catenary! 
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t/R=0.10946, φ=54.923ο result from cartesian coordinates
that serves safety

t/R=0.10748, φ=54.484ο result from polar coordinates, 
Milankovitch (1904,1907)

Makris, N., Alexakis, H.: The effect of 
stereotomy on the shape of the 
thrust-line and the minimum 
thickness of semicircular masonry 
arches. Arch. Appl. Mech. 83, 1511–
1533 (2013). doi:10.1007/s00419-
013-0763-4
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Moment equilibrium of the half arch about 
point F:

For a given value of φr

one obtains 3 roots 
for t/R
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𝛿Π = 𝑃𝛿𝑣 − 𝛿𝑉 = 0
Variational 

indicator
External 

Work
Stored potential 

or … strain energy

𝑃

Principle of Stationary Potential Energy 
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The masonry arch is a typical structural system where the only forces 
(weights) acting in the system are conservative and where the work 
of all forces is accounted by the potential energy V(φr). According to 
the principle of stationary potential energy, the geometrically 
admissible hinged mechanism is in an equilibrium state if and only if 
the total potential energy is stationary:
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The quantity in brackets is always positive so
only if: 
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t/R=0.10748, φ=54.484ο

This is precisely the result obtained by Milankovitch 
(1904), derived now with a variational formulation. 

which is satisfied when: 

Makris, N., Alexakis, H.: The effect of 
stereotomy on the shape of the thrust-line and 
the minimum thickness of semicircular
masonry arches. Arch. Appl. Mech. 83, 1511–
1533 (2013). doi:10.1007/s00419-013-0763-4
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Vertical Stereotomy-Cartesian Coordinate System 
Variational Formulation

Moment equilibrium of part 1 about point K:
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t/R=0.10946, φ=54.923ο

Numerical solution of moment equation: )())(
2
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t
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gives the graph: 

where 

The potential energy of the arch is:

The geometrically admissible hinged mechanism with a vertical rupture is in 
equilibrium state if and only if the potential energy is stationary: 0)( =

R

x
V r

This result obtained with a variational formulation is precisely the same result 
obtained earlier with a geometric formulation. 



Radial Cuts
Polar Coordinate System

Vertical Cuts
Cartesian Coordinate System

Minimum thickness of a 

semicircular arch needed to 

accommodate a catenary curveRupture angle
Minimum thickness 

(R=Rin+t/2)
Rupture angle

Minimum thickness 

(R=Rin+t/2)

φr=BΩK=54.484o t/R=0.10748 φr=BΩK=54.923o t/R=0.10946 t/R=0.11166≈1/9=0.11111

•M. Milankovitch (1904, 1907): 

Geometric Solution

•J. Ochsendorf (2002): Trial-and-error 

solution of the “work balance” equation

•This work: Principle of Stationary 

Potential Energy

•This work: 

(a) Geometric Solution

(b) Principle of Stationary Potential Energy

•This work:

Geometric Solution

The catenary curve is not a

physically admissible thrust-

line; therefore the point that

touches the intrados of the arch

(φN=56.746o) is not an

imminent hinge.

Minimum allowable thickness and rupture locations 
of a semicircular monolith with zero tensile strength

Makris, N. and H. Alexakis, "The Effect of Stereotomy on the Shape of the Thrust-Line 

and the Minimum Thickness of Semicircular Masonry Arches”, Archive of Applied 

Mechanics, Vol. 83, Issue 10, 2013, pp. 1511-1533.





“l’expérience apprend qu’elle se dirige d’abord normalement à la courbe avec le 

plan de joint d’un voussoir, puis se redresse et s’élève jusqu’à l’extrados”

M.G. Lamé and E. Clapeyron: Mémoire sur la stabilité des voûtes (1823) 

Observed path of a rupture that initiates radially (points B and D) along the physical 

joint between two adjacent vitruvius voussoirs and subsequently it propagates 

upwards following a nearly vertical direction.



ωW1

x1

ω (o) 

t/R 

max: t/R=0.10946

90o

ω (o) 

90o

φr

Vertical ruptures corresponds to 
the lower collapse mechanism 



Application of the Variational Method to Calculate the 
Minimum Thickness of Elliptical Masonry Arches



Formation of a hinge mechanism in an 

elliptical arch by assuming that the 

rupture that initiates at the intrados 

hinge, K, develops along a broken line 

which initiates perpendicular to the 

intrados up to the mid-thickness of the 

arch and subsequently redirects upwards 

propagating along the vertical. 

Rupture direction b/a=0.5 b/a=1 b/a=1.5

ω (ο) t/a φr (ο) ω (ο) t/a φr (ο) ω (ο) t/a φr (ο)

Radial 15.558 0.10127 74.442

35.516 0.10748 54.484

49.677 0.10135 40.323

Perpendicular to 

intrados
51.315 0.10278 74.395 26.737 0.10038 40.430

Lamé & Clapeyron’s

observation 51.193 0.10309 74.465 35.291 0.10846 54.709 26.541 0.10163 40.659

Vertical 90.000 0.10340 74.533 90.000 0.10946 54.923 90.000 0.10291 40.875

Minimum thickness t/a and radial locations φr=BΩK of the intrados hinge K of elliptical arches 

with b/a=0.5, b/a=1 (semicircle) and b/a=1.5 for the various stereotomies examined in this work.



The educational and practical value of the “hanging chain”
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t/R=0.11166, φ=56.746ο

The minimum thickness of a circular arch that is needed to 
accommodate a catenary curve given by: ))]cosh(1(1[)(
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Radial Cuts
Polar Coordinates

Vertical Cuts
Cartesian Coordinates

Minimum thickness of an elliptical arch 

needed to accommodate a catenary 

(alysoid). The catenary is not a 

physically admissible thrust-line; 

therefore, the location xN (φN) where the 

catenary touches the intrados is not an 

imminent rupture location.

b/a

Minimum 

thickness:

t/a

Rupture 

angle:

φr(
o)=

BΩΚ

Rupture 

location:

xr/a

Minimum 

thickness:

t/a

Rupture 

angle:

φr(
o)=

BΩΚ

Rupture 

location:

xr/a t/a φN(o) xN/a

0.25 0.08273 84.123 0.86659 0.08422 84.101 0.86487 0.08029 84.213 0.87085

0.5 0.10127 74.442 0.81830 0.10340 74.533 0.81841 0.10242 75.067 0.82647

0.75 0.10709 64.015 0.78906 0.10925 64.299 0.79108 0.11045 65.443 0.80248

1 0.10748 54.484 0.77021 0.10946 54.923 0.77359 0.11166 56.746 0.78956

1.25 0.10513 46.567 0.75828 0.10689 47.090 0.76257 0.10928 49.570 0.78400

1.5 0.10135 40.323 0.75154 0.10291 40.875 0.75642 0.10502 43.951 0.78387

1.75 0.09684 35.516 0.74903 0.09821 36.067 0.75431 0.09986 39.670 0.78789

2 0.09200 31.857 0.75016 0.09324 32.395 0.75568 0.09439 36.446 0.79497

Alexakis, H. and N. Makris, "Minimum Thickness of Elliptical Arches", Acta Mechanica, 

Vol. 224, Issue 12, 2013, pp. 2977-2991.



Pierre Couplet, 1729: t/R = 0.101, φ=45ο

Conclusions

Joaquín Monasterio, 1805-1810 :      0.1053 < t/R < 0.1176 

Milutin Milancovitch, 1904-1907: t/R = 0.1075, φ=54.48ο

Jacque Heyman, 1969 t/R=0.106, β=φ=58.9ο

John Ochsendorf, 2002 t/R=0.1075, φ=54.48ο

Makris and Alexakis 2013 t/R=0.1075, φ=54.48ο

Infinite many neighboring solutions .

depending on the stereotomy exercised .

Our result serves safety t/R=0.1095, φ=54.92ο

Why this work has value?
In my mind, during our research as engineers and scientists 
every now and then we reach these great moments when 
our understanding transitions from confusion to clarity!



In November 2024, Nicos Makris was elected foreign member of the Serbian 

Academy of Sciences and Arts (SASA) for showing: (a) that there is an infinite 

number of neighboring minimum thickness values for the masonry arch, 

depending on the stereotomy exercised (Milankovitch result is one of them for radial 

stereotomy); and (b) that the hanging chain (the catenary) is NOT a physically 

admissible thrust line for the masonry arch.



Merci ! Thank you !

Proposed Building Structures for 
Extraterrestrial Exploration


