
Arch Appl Mech (2015) 85:1363–1381
DOI 10.1007/s00419-014-0963-6

SPECIAL

Haris Alexakis · Nicos Makris

Limit equilibrium analysis of masonry arches

Received: 19 March 2014 / Accepted: 31 July 2014 / Published online: 26 November 2014
© Springer-Verlag Berlin Heidelberg 2014

Abstract In this paper, we revisit the limit equilibrium analysis of masonry arches. Firstly, the major con-
tributions during the last three centuries associated with geometric and energy formulations are discussed,
and subsequently, the paper explains that the problem of determining the minimum thickness of a masonry
arch capable to support its own weight has multiple solutions. The infinite many neighboring solutions for
the minimum thickness of a masonry arch result from the infinite many possible directions of rupturing that
an arch with finite thickness may develop when becoming a mechanism. Given this infinite number of physi-
cally admissible rupturing directions, the energy approach expressed with the principle of stationary potential
energy emerges as the most powerful tool to analyze masonry arches at their limit equilibrium state. The paper
concludes that vertical rupturing is the most critical rupturing direction since it results to the largest value of
the minimum thickness that an elliptical arch needs to support its own weight. For the common case where
there is an intrados layer of voussoirs with physical joints perpendicular to the intrados, the initial rupture has
to first follow the physical joint; therefore, the broken rupture pattern reported by Lamé and Clapeyron in 1823
corresponds to the larger value of the minimum allowable thickness.

Keywords Stone arches · Stereotomy · Line of resistance · Funicular polygon · Hinged mechanism ·
Variational formulation

1 Introduction

During the last three decades, we have witnessed a growing interest regarding the preservation of our cultural
heritage and the retrofit of historic structures. The long history of these structures, most of them built out of
masonry, is partly due to their sound structural configuration, the advanced level of construction practices and
the quality of building materials. At the same time, the long loading history on these structures ranging from
ground settlements to earthquake excitations has resulted in the accumulation of a variety of deformations
which are responsible for a prevailing stress field that its current state may be challenging to assess.

In view of the challenge to assess the actual local stresses in a historic structure, which through the centuries
has suffered a variety of deformation, an “elastic stress” analysis becomes less attractive, whereas the pre-
twentieth century “limit equilibrium” analysis has become again increasingly popular (Sinopoli et al. [1], Foce
and Aita [2], De Luca et al. [3], among others).

During a limit state analysis, the various collapse mechanisms are first identified, and with simple calcula-
tions which derive primarily from energy methods, one can conclude whether the various rigid portions of the
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Fig. 1 Semicircular arch at its limit equilibrium state when loaded by its own weight, assuming that the internal hinge K happens

at ϕr = 45◦. The horizontal thrust at the crown, −−→OG, when added vectorially with the weight,
−→
GI , of the top articulated segment,

ABK of the hinged mechanism result the thrust force,
−−→
GK , acting on the radial rupture that generates hinge K. Clearly, the thrust

force,
−−→
GK , is not tangent at the intrados of the arch at point K

structure are in equilibrium (Lagomarsino [4]). The masonry arch stands out as the structural system that has
challenged several of the most eminent engineers and mathematicians from the second half of the seventeenth
century to the beginning of the twentieth century during their efforts to develop and refine the analysis at the
limit equilibrium state (Hooke [5], Gregory [6], La Hire [7,8], Bélidor [9], Couplet [10], Danyzy [11], Frézier
[12], Poleni [13], Coulomb [14], Mascheroni [15], Boistard [16], Young [17,18], Lamé and Clapeyron [19],
Persy [20], Navier [21], Culmann [22], Durand-Claye [23], Milankovitch [24,25] among others). Interestingly,
the majority of studies on the limit equilibrium analysis of the masonry arch adopt a geometric formulation
which asks for the identification of a limiting thrust line, and only a handful of studies use energy methods
which are liberated from the concept of the thrust line (Mascheroni [15], Clemente [26], Sinopoli et al. [1],
Ochsendorf [28], Sinopoli [27], Foce and Aita [2], Makris and Alexakis [29], Alexakis and Makris [30,31]).

As early as in the first half of the eighteenth century, Pierre Couplet [10] presented a remarkably complete
solution to the problemof computing theminimum thickness of a semicircularmasonry archwithmid-thickness
radius, R, and thickness, t , capable of supporting its own weight. His work brings forward in a most lucid way
the two key concepts needed in the limit equilibrium analysis of masonry arches that do not sustain tension:
(a) the limiting thrust line and (b) the imminent mechanism of collapse.

Couplet [10] recognized that when the thickness of the semicircular arch is sufficiently small, the arch
develops a five-hinge symmetric mechanism.With reference to Fig. 1—that resembles Couplet’s [10] Figure—
the hinges of the symmetric five-hingemechanismdevelop at the extrados of the crown (pointA), at the extrados
of the springer (point F) and at the unknown intrados point K. The problem of determining the minimum
thickness of the semicircular arch involves three unknowns: the minimum thickness, t/R, the location of the
intrados hinge K and the magnitude of the horizontal thrust at point A. At that time, Pierre Couplet has only
two equations available—that is moment equilibrium about the extrados hinge F at the springing and moment
equilibrium about the intrados hingeK that develops at the unknown angleϕr . SoCouplet, some 50 years before
the appearance of the concepts of variational calculus (Lagrange [32]), is in search of a third equation to solve
the problem at hand. He by-passes this impasse by merely assuming (perhaps after being influenced by Bélidor
[9]) that the location of the rupture that forms the intrados hinge K is at ϕr = 45◦ = π/4. In this way, Couplet
forces the selection of the failure mechanism; therefore, his solution for the minimum thickness, t/R = 0.101,
is unconservative, given that a neighboring mechanism might have developed at a larger thickness.

What is remarkable in Pierre Couplet’s analysis is that he presents the force parallelogram of the horizontal
thrust at the crown

−−→
OG and the weight of the top articulated segment of the arch ABK that is

−→
GI . The resultant

force,
−−→
GK , that is the thrust force on the radial rupture that creates the intrados hinge K is clearly not tangent

to the intrados of the arch. In several occasions, Pierre Couplet has been “criticized” by modern scholars for
not considering a resultant thrust force

−−→
GK that is tangent to the intrados, since the widely adopted analysis
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during the second half of the twentieth century was formulated by incorrectly taking a thrust force
−−→
GK tangent

to the intrados at point K (Heyman [33–35], Bićanić et al. [36] among others).
What is also equally remarkable is that at the dawn of the twentieth century, the Serbian engineer and

astronomer Milutin Milankovitch [24,25] had shown in a most lucid way that when a masonry arch forms a
radial rupture, what is tangent at the intrados hinge K is the thrust line—not the thrust force at the location of
the rupture. Unfortunately, Milankovitch’s [24,25] seminal work remained nearly unknown until very recently
(Oschendorf [28], Foce [37], Rizzi et al. [38], Makris and Alexakis [29]), and we only now recognize that
Couplet’s intuition for not taking the resultant thrust force,

−−→
GK , (shown in Fig. 1) tangent to the intrados was

indeed correct! So in the absence of variational calculus back in 1730, Pierre Couplet did as well as one could
possibly do to estimate the minimum thickness of a semicircular masonry arch subjected to its own weight
(t/R = 0.101) (Fig. 2).

2 Major milestones after Couplet and before Milankovitch

Following the pioneering work of Pierre Couplet and throughout the eighteenth and nineteenth centuries,
there is a growing need in Europe for masonry bridges and aqueducts. In the second half of the eighteenth
century, Charles A. Coulomb is motivated from the need to develop a general theory on the stability of masonry
structures, and in 1773, he publishes his seminal theory of maxima and minima (Heyman [34,39], Delbecq
[40–42], Roca et al. [43] among others). Coulomb [14] without referencing the work of his compatriot Couplet
[10] concludes that the most critical failure mechanism of a masonry arch is the hinge mechanism (rather than
a sliding mechanism), and he is concerned with its identification. By taking an arbitrary section of the arch,
Coulomb [14] calculates the maximum and minimum bounds of the horizontal thrust force, H , at the crown
that is needed to keep the structure in equilibrium. For instance, if W is the weight of the portion of the arch
AaMm, the condition that the arch does not hinges about points M and m is:

W
gM

QM
< H < W

Gq

qm
(1)

While Coulomb [14] does not present any solution for the calculation of the exact location of the critical
rupture that generates the intrados hinges, he suggests that once the calculation given by Eq. (1) is repeated

Fig. 2 The magnitude of the horizontal thrust force H at the crown is bounded from the need to satisfy moment equilibrium of
the upper segment AaMm of the arch monolith about the intrados point, M, and the extrados point m. As this, exercise is repeated
at various values of the angle, ϕ, the margin between the lower and upper bounds of the admissible horizontal thrust force, H ,
becomes narrower
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at various locations, the margin between the lower and the upper bounds of the admissible horizontal thrust
force becomes narrower since

max Hmin < H < min Hmax (2)

The main contribution of C.A. Coulomb is that he recognizes the need to examine neighboring admissible
mechanisms in structural mechanics, and his entire reasoning is in-line with the newly developed theory in
mathematics known as calculus of variations (Lagrange [32]).

WhileCoulomb’s [14] theory ofmaximaandminimaderives fromstatic equilibrium,Mascheroni [15] states
that the arch has reached its limit equilibrium state when during an infinitesimal variation of the configuration
of the imminent mechanism, the work of the weights of the articulated portions of the arch is zero. Mascheroni
[15] considers two distinct mechanisms: (a) that corresponding to the five-hinge mechanism as identified
by Couplet [10] and (b) a sliding mechanism where a center portion of the arch slides downward without
friction at the imminent rupture joints and infinite friction at the springings of the arch. Clearly, Mascheroni’s
[15] statement that at the limit equilibrium state, the work of the corresponding weights shall be zero during
an infinitesimal displacement is a clear statement of the principle of stationary potential energy—an early
application of the principle of virtual work (see also Sinopoli et al. [1]).

In the early nineteenth century, the Spanish engineer Joaquin Monasterio works on the problem of deter-
mining the minimum thickness of masonry arches. His in-depth study that was unknown until recently (Huerta
and Foce [44], Foce [45], Albuerne andHuerta [46]) builds upon the earlier static theory ofmaxima andminima
developed by Coulomb [14], and he concludes that the minimum thickness of the semicircular arch needs to
satisfy: 1/9 < t/Rin < 1/8, where Rin = R − t/2. Monasterio’s inequality for the minimum thickness of
semicircular arches, 0.1053 < t/R < 0.1176, improves Couplet’s unconservative result, t/R = 0.101.

In the early eighteenth century, Lamé and Clapeyron [19] make an important contribution by noticing
that for symmetric arches of any shape, the calculation of the location of the intrados hinge can be greatly
simplified if instead of radial sections, vertical cross sections are contemplated (see also Timoshenko [47]).
This is because when one takes vertical sections, the thrust force on the vertical section is indeed tangent to
the resulting thrust line contrary to what happens when one takes radial sections. Lamé and Clapeyron’s [19]
finding that the thrust line in a masonry arch depends on the stereotomy exercised is a major step forward in
the limit equilibrium analysis of masonry arches.

The multiplicity of the limiting thrust lines (druckkurve vs stützlinie) according to the stereotomy exercised
was shown in a most rigorous way some eighty years later by Milutin Milankovitch [24,25].

3 Thrust line = line of resistance and funicular polygon = line of pressure

The thrust line (or line of resistance, Moseley [48] or druckkurve, Milankovitch [24,25]) is defined as the
geometrical locus of the points of application of the resultant thrust force that develops at any cross section of
the masonry arch. When the masonry arch consists of individual voussoirs with finite dimensions, the thrust
line (line of resistance) is constructed by taking successive cuts of the arch along the physical joints of the
voussoirs. For instance, consider the symmetric arch shown in Fig. 3 (top left), where t/R = 0.12. Starting
from the vertical axis of symmetry (ϕ = 0), the first two voussoirs have vertical joints, and the last two
voussoirs have radial joints at ϕ = 60◦ϕ = 75◦, whereas the joint between the third and the fourth voussoir is
neither vertical nor radial but at an angle of 67.5◦. Figure 3 (right) shows the resultant thrust forces acting on
all six voussoirs of the masonry arch shown in Fig. 3 (top left) together with the projection of the thrust forces
along the normal and shear direction at the joints. The choice for selecting vertical joints between the first two
voussoirs is unnatural; yet, it is intentional in order to further elaborate on the idea of Lamé and Clapeyron
[19], and it may be physically realizable as long as the friction coefficient along the masonry interface is
sufficient (μ > tanψmax = T2s/T2n ≈ 0.84). Furthermore, it brings forward several subtle issues pertinent to
the multiplicity of the minimum thrust line and whether the thrust forces are tangent to the thrust line.

Figure 3 (bottom left) shows the free-body diagram of a portion of the arch shown in Fig. 3 (top left) which
consists of the three top voussoirs. The horizontal thrust, H , at the crown of the arch is applied at the extrados
of the crown given that in the entire paper we work with the minimum thrust line—that is the thrust line that
passes by the extrados points A at the crown and F at the springing. The joint at the right of the third voussoir
is at an angle of 67.5◦, and the cut is along this angle.

Next to the free-body diagram, the force polygon of the top portion of the arch expresses graphically the
equilibrium of the system. The resultant thrust T3 at joint 3 together with its point of application is uniquely
determined from force and moment equilibrium (either graphically with the force polygon or analytically by
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Fig. 3 Masonry arch with two vertical and two radial joints and t/R = 0.12. The lines of action of the resultant thrust forces Tj
generate the funicular polygon shown with a thin solid line. Top left: The thrust line (line of resistance shown with a dashed line)
is the geometrical locus of the points of application of the resultant thrust forces Tj acting on the physical joints. Bottom left:
Free-body diagram of the top portion of the arch together with the corresponding force polygon. Right: Resultant thrust forces
acting on the voussoirs together with the projections of the thrust forces along the normal and shear directions at each joint.
tanψ j = Tjs/Tjn

solving equilibrium equations). This exercise is repeated at all six physical joints of the symmetric arch shown
in Fig. 3 (top left), and the minimum thrust line is uniquely defined. Together with the thrust line (dashed line),
Fig. 3 (top left) shows with bold line segments: (a) all the resultant thrust forces acting on the physical joints as
we move from the crown to the springing of the arch and (b) the weights of the individual voussoirs. The lines
of action of the resultant thrust forces generate the funicular polygon, and the lines of action of the weights of
the voussoirs meet at the corners of the funicular polygon to satisfy moment equilibrium.

Figure 3 (top left) shows that the thrust line (line of resistance = geometrical locus of the application points
of the resultant forces that develops at the joints of the arch) and the funicular polygon are two neighboring
lines, and one may come to the conclusion that as we reduce the size of the voussoirs that these two lines will
collapse to each other. Nevertheless, this in not always true, and the collapse of these two lines to a single
curve depends on the stereotomy exercised on the arch—that is the directions of the physical joints when
voussoirs with finite dimensions are used (Lamé and Clapeyron [19], Milankovitch [24,25], Foce [37], Makris
and Alexakis [29], Alexakis and Makris [30]).
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Fig. 4 Left: A conceptual drawing presented by Moseley [48] which distinguishes the line of resistance (thrust line) from the line
of pressure (funicular polygon). The directions of the successive thrust forces are arbitrary without being properly proportioned
according to the corresponding weights of the successive stone blocks. It is because of this random choice of the directions of
the thrust forces (arrows) that the line of pressure (funicular polygon) seems “a slightly mysterious construct” (Heyman [35]).
Right: The successive thrust forces are consistent with the corresponding weights of the successive stone blocks (the weights of
the blocks are taken proportional to their surface) and the lines of action of the weights of the stone blocks meet at the intersection
points of the lines of action of the thrust forces so that moment equilibrium is satisfied

The need to make a clear distinction between the thrust line (line of resistance) and the funicular polygon
(generated from the lines of action of the resultant thrust forces acting on the physical joints) appears in the
work of Moseley [48] with a drawing similar to the one appearing in Fig. 4 (left)—see also Timoshenko
[47], Heyman [35], Huerta [49]. Moseley’s [48] figure is merely a conceptual drawing where the directions
of the successive thrust forces are arbitrary without being properly proportioned and adjusted according to
the corresponding weights of the successive stone blocks that engage in the load path as it travels toward
the springing of the structure. Accordingly, both the funicular polygon (line of pressure) created by the lines
of action of the thrust forces (arrows) and the points of applications of these thrust forces are random in
Moseley’s [48] figure. It is because of this random choice of the directions of the thrust forces that the line
of pressure=funicular polygon appearing in Moseley’s [48] figure seems “a slightly mysterious construct” as
reported by Heyman [35].

The stone blocks shown in Fig. 4 could be viewed as a portion of a masonry arch subject to gravity loading.
If this view is taken, there is no way that the bottom most thrust force in Fig. 4 (left) passing through point f
can be directed to the right of the Figure since it must always have a component to the left given that the initial
force passing through point a is directed to the left and all subsequent forces that engage in the load path are
vertical. The only way that the thrust force through point f can be directed to the right of the Figure is if the
stone blocks are also subjected to external lateral earth pressure (see for instance Alexakis and Makris [50]).

Assuming that there is no lateral earth pressure, if one adjusts the successive thrust forces according to the
corresponding weights of the successive stone blocks (the weight of the blocks are taken proportional to their
surface), one obtains the physically realizable thrust forces and the associated points of application shown in
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Fig. 5 Physically realizable line of pressure (funicular polygon) of the irregular stone-block structure presented by Moseley [48]
(continuous line) together with the physically realizable line of resistance (thrust line) shown with dashed line

Fig. 4 (right). In Fig. 4 (right), the lines of action of the weights of the stone blocks meet at the intersection
points of the lines of action of the thrust forces so that moment equilibrium is satisfied.

Figure 4 (right) also shows that because of the irregular shape of the stone blocks, the lines of action of two
consecutive thrust forces may intersect outside the corresponding stone block. Figure 5 shows the physically
realizable funicular polygon (line of pressure) of the irregular stone blocks structure presented by Moseley
[48] (continuous line) together with the line of resistance (thrust line) shown with dashed line.

4 Thrust lines of an arched monolith with zero tensile strength

In the previous section, it was shown that in the case where a symmetric arch consists of a finite number
of voussoirs with physical joints, the minimum thrust line is uniquely defined since equilibrium is taken on
the existing physical joints. Consider now the monolithic semicircular arch shown in Fig. 6 which has zero
tensile strength and therefore acts only in compression. Any point O that is located on the mid-thickness
line of the arch (dashed line) has coordinates x = R sin ϕ, (0 ≤ x ≤ R), and y = R cosϕ(0 ≤ y ≤ R)
since the angular coordinate ϕ starts measuring from the vertical axis of symmetry, y. We are interested in
computing the resultant thrust force acting within the arch at location O with coordinates x = R sin ϕ and
y = R cosϕ(0 ≤ ϕ ≤ π/2). The standard way to proceed is to make a cut passing through point O and work
the force and moment equilibrium as shown in the previous section. One way to cut is along the radial direction
after adopting a polar coordinate system as shown in Fig. 6 (top). With this choice, we isolate the portion of the
arch ABCOD. Another way to cut is along the vertical direction after adopting a cartesian coordinate system
as shown in Fig. 6 (bottom). With this choice, we isolate the portion of the arch ABCOD, which has different
size and weight than the portion ABCOD; therefore, the thrust Tp along the radial cut COD is different both in
magnitude and direction than the thrust Tc along the vertical cut COD. As this exercise is repeated for different
points O along the mid-thickness line of the arch, one obtains two neighboring, yet, different thrust lines—one
thrust line that results from radial cuts after adopting a polar coordinate system and a different thrust line that
results from vertical cuts after adopting a cartesian coordinate system.

Figure 7 (left) plots these two different minimum thrust lines within a monolithic semicircular arch with
t/R = 0.12. They have been constructed with a custom-made computer code which repeats the force equilib-
rium shown in Fig. 6 as point O runs from the crown to the springing. These two physically admissible thrust
lines are not distinguishable in the scale of the arch; yet, if one zooms in the neighborhood isolated with the
dashed parallelogram, the two thrust lines are clearly different as shown in Fig. 7 (right). Both minimum thrust
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Fig. 6 Monolithic semicircular arch with zero tensile strength and t/R = 0.12. At any point O along the center line of the arch
(dashed line) with polar coordinates R, ϕ or cartesian coordinates x = R sin ϕ, y = R cosϕ, the thrust force Tp along a radial
cut after adopting a polar coordinate system (top left) is different than the thrust force Tc along a vertical cut after adopting a
cartesian coordinate system (bottom left). Accordingly, one obtains two distinguishable physically admissible minimum thrust
lines (see Fig. 7) depending on the coordinate system that is selected. Moment equilibrium of a slice of the monolith with radial
cuts (top right) and vertical cuts (bottom right)

lines are equally correct, and the fact that they lie within the physical boundaries of the arch ensures that the
arch is stable. In the event that one adopts a different stereotomy (other than the radial of vertical), then a third
physically admissible thrust line will emerge.

In structural engineering, the derivation ofmultiple solutions from equilibrium analysis is not common. The
“counterintuitive” result of having different, yet, neighboring theoretically correct answers for the thrust line
depending on the stereotomy exercised derives from the request to express the load path in a two-dimensional
structure with finite thickness, t , with the thrust line—that is a concept inherent to a one-dimensional structure
(the “hanging chain”).

Alternatively, one can conduct a linear elastic analysis on the arch and identify a thrust line that is the
geometrical locus of the application points of the resultant force according to the stress distribution calculated
at various sections (Varma et al. [51]).
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Fig. 7 Monolithic semicircular arch with the two different physically admissible minimum thrust lines (left) and t/R = 0.12.
The two physically admissible thrust lines (ρ(ϕ) obtained with successive radial cuts and η(x) obtained with successive vertical
cuts) are distinguishable in the enlarged parallelogram (right)

Interestingly, the inverted “hanging chain” (catenary) that passes from the extreme points A and F of the
extrados of the arch shown in Fig. 7 offers a third line (not shown) that is different from the two minimum
thrust lines—the one computed by taking radial cuts after adopting a polar coordinate system (see Fig. 6 top)
and the other computed with vertical cuts after adopting a cartesian coordinate system (see Fig. 6 bottom).
Recently,Makris and Alexakis [29] showed by reducing to the absurd that the catenary curve is not a physically
acceptable thrust line of the semicircular arch.

4.1 Radial stereotomy and polar coordinates—Milankovitch’s minimum thrust line equation

In his work of unparallel quality and rigor, Milankovitch [24,25] presents a general formulation for the thrust
line of curved masonry structures. For the specific case of symmetric circular arches (as the one shown in Fig.
6), Milankovitch’s formulation employs radial cuts, and after adopting a polar coordinate system, it yields a
closed-form expression for the radius of curvature, ρ, of the thrust line (see also Foce [37])

ρ(φ) = ρoH + 1
6 t (t

2 + 12R2) sin2 φ
2

H cosφ + t Rφ sin φ
. (3)

It is worth noting that Milankovitch [24,25] obtains Eq. (3) with two different approaches: (a) via differential
calculus and (b) via macroscopic equilibrium of a finite portion of the arch. Clearly, Eq. (3) is not the equation
of a catenary; therefore, the questioning of whether the catenary is a physically admissible thrust line goes
back to the beginning of the twentieth century.

The expression given by Eq. (3) does not assume a minimum thrust line; therefore, ρo is the unknown
distance from the center of the circular arch to the point of application of the unknown horizontal thrust, H ,
acting at the crown of the arch. Among all the admissible thrust lines, the minimum thrust line passes through
the extrados points A ( ϕ = 0) at the crown and F (ϕ = π/2) at the springing of the arch. These two boundary
conditions are

ρ(0) = ρo = R + t

2
(4)

and
ρ(π/2) = R + t

2
(5)

which give the value of the minimum horizontal thrust force,

H = t R
3π

(
2 + t

R

) −
(
12 + t2

R2

)

6
(
2 + t

R

) . (6)
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By feeding back the results of Eqs. (4–6) into Eq. (3), Milankovitch [24,25] obtained a remarkable closed-form
expression for the radius of curvature ρ(ϕ) of the minimum thrust line

ρ(φ) = R
3π

(
2 + t

R

)2 − (
2 + t

R

) (
12 + t2

R2

)
cosφ

6π
(
2 + t

R

)
cosφ − 2

(
12 + t2

R2

)
cosφ + 12

(
2 + t

R

)
φ sin φ

(7)

Equation (7) offers the expression of the minimum thrust line that passes by the extrados points A (ϕ = 0,
crown) and F ( ϕ = π/2, springing). Figure 7 plots the graph of Eq. (7) which is in full agreement with the
value of the minimum thrust line calculated with the in-house software by selecting a polar coordinate system
and successive radial cuts.

Returning to Fig. 3 where the two bottom voussoirs have radial joints, the radial coordinates of the appli-
cation points of the thrust forces T4 and T5 are given precisely by Eq. (7). However, Eq. (7) does not offer
the coordinates of the application points of thrust forces T1, T2 and T3 since the corresponding joints are not
radial.

4.2 Direction of the line of action of the resultant thrust force and the tangent to the thrust line at the point
of application of the thrust force

At this point, it is worth mentioning the important conclusion derived by Milankovitch [24,25] that when
a polar coordinate system is adopted (see Fig. 6 top), the slope of the thrust force tan ψp = Wp/H at
any given point O is in general different than the slope of the thrust line dv(x)/dx , at that point O, where
v(x) = ρ(ϕ) cos(ϕ)(ϕ = arcsin(x/R)) is the vertical coordinate of Milankovitch’s thrust line given by Eq. (7)
(see also Foce [37]). This can be easily shown by taking two neighboring radial cuts at angles ϕ and ϕ + dϕ
as shown in Fig. 6 (top right). By taking moment equilibrium at the application point O of the thrust force
Tp + dTp, one obtains

−Hdv(x) + Wpdx − dWpe = 0 (8)

where e is the finite horizontal distance from point O to the center of gravity of the infinitesimal voussoir of
the arch with weight dWp. After dividing Eq. (8) with Hdx, one obtains

tanψp = Wp

H
= dv(x)

dx
+ e

H

dWp

dx
(9)

The quantity (e/H) · (dWp/dx) is a finite quantity; therefore in the case where a polar coordinate system is
adopted

tanψp = Wp

H
�= dv(x)

dx
(10)

The above non-equality shows that in the case of radial cuts, the line of action of the resultant thrust force
(funicular polygon) intersects the tangent to the thrust line (line of resistance) = geometrical locus of the
application points of the resultant thrust force.

Milankovitch [24,25] further concludes that in the case of vertical cuts, one obtains the Stützlinie (see also
Foce [37]) and the non-equality expressed by (8) becomes an equality

tanψc = Wc

H
= dη(x)

dx
(11)

where η(x) is the ordinate of the thrust line that one obtains after adopting a cartesian coordinate system.
This can be easily shown by taking two neighboring vertical cuts at abscissae x and x + dx as shown in

Fig. 6 (bottom right). By taking moment equilibrium at the application point O of the thrust force Tp + dTp,
one obtains

−Hdη(x) + Wcdx − dWc
dx

2
= 0 (12)

where dx/2 is the lever arm of the infinitesimal weight dWc.
After dividing Eq. (12) with Hdx, one obtains

tanψc = Wc

H
= dη(x)

dx
+ 1

2

dWc

H
(13)
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The quantity dWc/2H is a first-order differential that vanishes when compared with the other two finite
quantities of Eqs. (11) and (13) is recovered.

The above analysis shows that when a polar coordinate system is adopted, the line of action of the resultant
thrust force is in general not tangent to the thrust line given by Eq. (7), whereas when a cartesian coordinate
system is adopted, the resultant thrust force at any given point is tangent to the thrust line (Makris and Alexakis
[29]).

5 Limit equilibrium analysis of masonry arches with energy methods

MilutinMilankovitch [24,25] computed the correct value of the minimum thickness of the semicircular arched
monolith (t/R = 0.1075) by assuming radial ruptures (and the associated polar coordinate system). In his
analysis, he developed a geometric formulation in which the major achievement is the construction of a
closed-form expression of the minimum thrust line equation. Recently, Makris and Alexakis [29] showed that
Milankovitch’s solution, t/R = 0.1075, is not unique and that it depends on the stereotomy exercised. The
adoption of vertical cuts as suggested by Lamé and Clapeyron [19] in association with a cartesian coordinate
system yields a neighboring minimum thrust line and a different, slightly higher value for the minimum
thickness, t/R = 0.1095, than the value computed byMilankovitch.WhileMakris andAlexakis [29] succeeded
in deriving the closed-form expression of the minimum thrust line when vertical cuts are assumed, the algebra
and calculus involved is complicated to the extent that the geometric formulation becomes less attractive as
the shape of the arch departs from the geometry of the circle. For instance, when radial ruptures are assumed,
a closed-form expression for the minimum thrust line of elliptical arches is not known to the authors (see
Alexakis and Makris [30]).

In parallel with the geometric formulation, Makris and Alexakis [29] formulated the limit equilibrium
analysis of masonry arches by employing the principle of stationary potential energy. The main attraction of a
variational formulation is that the limit equilibrium analysis is liberated from the concept of the limiting thrust
line, and the result depends solely on the direction of the rupture as the collapse mechanism initiates.

The fundamental concept of a variational formulation is that among all geometric admissible states (all
admissible symmetric five-hingemechanisms), a natural state—that is a statewhich also satisfies equilibrium—
can be detected by observing its behavior under infinitesimal geometrically admissible variations of the state.
With reference to Fig. 8, the symmetric arched monolith is subject only to its own weight (no external forces),
while when it assumes its minimum thickness each of the two ruptured portions of the arch hinging at point
K, neither deform elastically nor dissipate energy at the hinges.

The multiplicity in the answers for the minimum thickness of the arched monolith which does not sustain
tension originates from the infinite many ways that the arch may rupture when is about to form hinge K. For
instance, Fig. 8 (left) shows the formation of a mechanism in an elliptical masonry arch with semispan, a, and
height, b, when developing a radial rupture, whereas Fig. 8 (right) shows the formation of a mechanism in the
same elliptical arch when developing a vertical rupture.

Fig. 8 Formation of a hinge mechanism in an elliptical arch by assuming that the rupture that initiates at the intrados hinge, K,
develops along the radial direction (left) or along the vertical direction (right)
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The structural system shown in Fig. 8 is a typical case where the only forces (weights) acting in the system
are conservative and where the work of all forces is accounted by the potential energy V (ϕr , b/a) given by
(Alexakis and Makris [30])

V

(
φr ,

b

a

)
= a3 f

(
φr ,

b

a

) [
1

3

b

a

(
2 + b

a

)
+ 1

12
f

(
φr ,

b

a

)2
]

(14)

in which f (ϕr , b/a) = t/a is a transcendental equation which derives solely by moment equilibrium of the
hinged portions of the arch and relates the unknown rupture location ϕr with the unknown minimum thickness
t/a of any elliptical arch described with a given height-to-semispan ration b/a.

According to the principle of stationary potential energy, the geometric admissible hinged mechanism
shown in Fig. 8 is in an equilibrium state if and only if the total potential energy of the arch is stationary, i.e.,

δV

(
φr ,

b

a

)
= dV

(
φr ,

b
a

)

dφr
δφr = 0 (15)

Substitution of Eq. (14) into Eq. (15) gives (Alexakis and Makris [30])

d f
(
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)
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[

1 + 1

4
f

(
φr ,

b

a

)2
]

= 0 (16)

The quantity in brackets in Eq. (16) is always positive; therefore, Eq. (16) is satisfiedwhen d f (ϕr , b/a)/dϕr =0

d f
(
φr ,

b
a

)

dφr
= d(t/a)

dφr
= 0 (17)

Numerical solution of the system of equations from moment equilibrium of the hinged portions of the arch
(Alexakis and Makris [30]) together with Eq. (17) gives the unknown location of the rupture angle ϕr and the
minimum width t/a of an elliptical arch for a given height-to-semispan ratio b/a.

Table 1 (left columns) shows the minimum thickness t/a and rupture angle ϕr = B	K for various ratios
of b/a as computed with the variational formulation after adopting a radial rupture, whereas Table 1 (right
columns) shows the slightly different values of the minimum thickness t/a and rupture angle ϕr = B	K as
computed with the variational formulation (and also confirmed with a geometric formulation) after adopting
a vertical rupture (Alexakis and Makris [30]).

Table 1 shows that the minimum thickness of an elliptical arch that is needed to support its own weight is
slightly larger when one assumes vertical ruptures rather than radial ruptures, implying that the solution that
corresponds to radial ruptures is unconservative. In view of this result, the question that arises is what is the
direction of rupture that results to the larger value of the minimum thickness given that the minimum thickness
values that results from the any other rupture direction are unconservative values.

This problem is addressed by expressing the direction of rupturing with the angle, ω, as shown in Fig. 9
and applying the principle of stationary potential energy for the entire range of ω. When ω = (π/2) − ϕ, the

Table 1 Minimum thickness t/a and radial locations ϕr = B	 K of the intrados hinge K of elliptical arches with semispan = a
and height = b

b /a Radial cuts Vertical cuts

Minimum thickness:
t/a

Rupture angle:
ϕr(

◦)=B	K
Minimum
thickness: t/a

Rupture angle:
ϕr(

◦)=B	K

0.25 0.08273 84.123 0.08422 84.101
0.5 0.10127 74.442 0.10340 74.533
0.75 0.10709 64.015 0.10925 64.299
1 0.10748 54.484 0.10946 54.923
1.25 0.10513 46.567 0.10689 47.090
1.5 0.10135 40.323 0.10291 40.875
1.75 0.09684 35.516 0.09821 36.067
2 0.09200 31.857 0.09324 32.395

Bold letters are indicate the case where the masonry arch assumes the geometry of a circle
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Fig. 9 Formation of a hinge mechanism in an elliptical arch where the rupture that initiates the intrados hinge, K, happens along
a direction that is at an angle ω with the horizontal

rupture is radial, whereas when ω = π/2, the rupture is vertical. In the analysis, we also consider values of
ω > π/2 in an effort to identify the most critical direction of rupture. This problem involves three unknowns:
(a) the horizontal thrust force, H , at the crown, (b) theminimum thickness, t/a, of the arch and (c) the unknown
location, ϕr , of the formation of the hinge K. At the same time, there are three equations available—that is
moment equilibrium about hinge F and hinge K, together with Eq. (17) which originates from the application
of the principle of stationary potential energy.

Moment equilibrium of the hingedmechanism about the springing hinge, F, gives the value of theminimum
horizontal thrust force H at the extrados point of the crown

H = W
3π
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1 + b

a

) (
2 + t
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) − 8
(
1 + 2 b

a + ( t
2a )2

)

3π
(
1 + b
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) (
2 b
a + t

a

) (18)

in which W = (a + b)tπ/4 is the weight of half the elliptical arch.
Moment equilibrium of the upper portion of the arch ABK about hinge K gives

H

(
b + t

2
− yin(xr )

)
= W1(xr − x1) (19)

where H is the minimum horizontal thrust force given by Eq. (18) and W1 and x1 are the weight and the
abscissa of the center of gravity of the upper hinged portion of the elliptical arch that is created from the
rupture along the direction ω.

5.1 Case 1: 0 ≤ ω ≤ π/2

For the case where 0 ≤ ω ≤ π/2, the values of W1 and x1 are given by:

W1 =
xr∫

0

yex (x)dx−
xr∫

0

yin(x)dx +
xrex∫

xr

yex (x)dx−
xrex∫

xr

yω(x)dx (20)

and

x1 =

xr∫

0
yex (x)xdx−

xr∫

0
yin(x)xdx +

xrex∫

xr
yex (x)xdx−

xrex∫

xr
yω(x)xdx

W1
(21)
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In Eqs. (20) and (21), the quantities yin(x) and yex (x) are the ordinates of the intrados and extrados of the arch
expressed in cartesian coordinates,

yin(x) =
(
b − t

2

)√√
√√1 − x2

(
a − t

2

)2 = c2bb

√
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(c2aa)2
(22)
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, whereas the dimensionless quantities c1a, c2a, c1b, c2b are given by
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2
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The equation of a straight line passing from the origin at an angle ϕ is given by

yp(x) = x cot(φ) (25)

and the solution of the equation
yp(x) = yin(x) (26)

gives the abscissa, xr , of the rupture point K at the intrados as function of the angle ϕ

xr =
√(

b − t
2

)2 (
a − t

2

)2
√(

b − t
2

)2 + (
a − t

2

)2 cot(φ)2
= a

c2ac2b√
c22b + a2

b2
c22a cot(φ)2

(27)

The ordinates yω(x) of the points along a rupture at an angle ω that initiates at the intrados at position ϕ are
given by

yω(x) = yin(xr ) + tanω(x − xr ) (28)

while the solution of the equation
yω(x) = yex (x) (29)

gives the abscissa, xrex , of the point J at the extrados as a function of the angle ϕ.
With these expressions,W1 and x1 given by Eqs. (20) and (21) are in terms of the polar variable ϕ and one

may proceed with the solution of Eq. (17).

5.2 Case 2: ω > π/2

For this case where ω > π/2, the values of the weight W1 and the abscissa of the center of gravity x1 of the
articulated upper portion of the arch are given by

W1 =
xrex∫

0

yex (x)dx−
xrex∫

0

yin(x)dx +
xr∫

xrex

yω(x)dx−
xr∫

xrex

yin(x)dx (30)

and

x1 =

xrex∫

0
yex (x)xdx−

xrex∫

0
yin(x)xdx +

xr∫

xrex
yω(x)xdx−

xr∫

xrex
yin(x)xdx

W1
, (31)

while the remaining calculations are the same to those presented for case 1.
Figure 10 plots the minimum thickness values, t/R (top) and the radial locations, ϕr , of the hinge K as

the angle of the rupturing direction, ω, increases. Clearly, for all three configurations (b/a = 0.5, 1.0, and
1.5) presented in Fig. 10, the minimum thickness value is largest when ω = π/2, that is for vertical ruptures.
Interestingly, in the range 0 ≤ ω ≤ π/2, the minimum thickness value, t/R, exhibits a mild increase, whereas
the radial location, ϕr , of the corresponding hinge K remains almost the same.
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Fig. 10 Minimum thickness values, t/a (top), and radial locations, ϕr (bottom), of the hinge K shown in Fig. 9 as a function of
the assumed angle of rupturing direction ω of elliptical arches with semispan, a, and height b

6 “l’expérience apprend qu’elle se dirige d’abord normalement
à la courbe avec le plan de joint d’un voussoir, puis se redresse et s’élève jusqu’à l’extrados”

The variational formulation developed in this work allows for the limit equilibrium analysis of arches in which
the rupture that creates the hinged mechanism is not a straight line. Several masonry arches are constructed
with a layer of vitruvius voussoirs (radial joints) that follow the intrados together with additional horizontal
layers of masonry above. For this kind of arches, Lamé and Clapeyron [19] have noticed that overloaded
arches fail by developing a rupture that initiates radially along the physical radial joint between two adjacent
vitruvius voussoirs, and subsequently, the rupture propagates upward as schematically shown in Fig. 11 that
is a reproduction of Fig. 1 from Lamé and Clapeyron’s [19] paper, an important publication which also offers
the observation that serves as the title of this section.

Following Lamé and Clapeyron’s [19] observation, we examine the limit equilibrium of an arch where
the rupture is perpendicular to the intrados up to the mid-thickness of the arch, and subsequently the rupture
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Fig. 11 Observed path of a rupture that initiates radially (points B and D) along the physical joint between two adjacent vitruvius
voussoirs and subsequently it propagates upward following a nearly vertical direction

Fig. 12 Formation of a hinge mechanism in an elliptical arch by assuming that the rupture that initiates at the intrados hinge, K,
develops along a broken line which initiates perpendicular to the intrados up to the mid-thickness of the arch and subsequently
redirects upward propagating along the vertical

becomes vertical as shown in Fig. 12. When such a rupture pattern is assumed, all the equations of Sect. 5.1 are
valid, except that now the abscissa of the mid-thickness point where the initial perpendicular-to-the-intrados
rupture redirects along the vertical satisfies the equation:

yω(x) = b

√

1 − x2

a2
(32)

The solution of Eq. (32) also gives the abscissa, x = xrex , of the point J where the vertical rupture meets the
extrados. The initial direction of rupture, ω, is perpendicular to the intrados and is expressed by

ω = arctan

(

− 1
dyin(x)
dx |x=xr

)

(33)

Table 2 indicates the minimum thickness values of elliptical arches with b/a = 0.5, b/a = 1 (semicircle)
and b/a = 1.5 as computed for the various stereotomies examined in this paper. In all three configurations,
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Table 2 Minimum thickness t/a and radial locationsϕr = B	Kof the intrados hingeKof elliptical archeswith b/a = 0.5, b/a =
1 (semicircle) and b/a = 1.5 for the various stereotomies examined in this paper

Rupture direction b/a=0.5 b/a=1 b/a=1.5

ω(◦) t/a ϕr (
◦) ω(◦) t/a ϕr (

◦) ω(◦) t/a ϕr (
◦)

Radial 15.558 0.10127 74.442 35.516 0.10748 54.484 49.677 0.10135 40.323
Perpendicular to intrados 51.315 0.10278 74.395 26.737 0.10038 40.430
Lamé and
Clapeyron’s
[19] observation

51.193 0.10309 74.465 35.291 0.10846 54.709 26.541 0.10163 40.659

Vertical 90.000 0.10340 74.533 90.000 0.10946 54.923 90.000 0.10291 40.875

Bold letters are indicate the case where the masonry arch assumes the geometry of a circle

the vertical stereotomy results to the largest value of the minimum thickness. Nevertheless, when there is an
intrados layer of voussoirs with physical joints perpendicular to the intrados, the initial rupture has to be per-
pendicular to intrados (the vertical stereotomy is excluded), and the Lamé and Clapeyron [19] rupture pattern
corresponds to the largest value of the minimum thickness; therefore, this rupture pattern is the most critical
and explains the observation of Lamé and Clapeyron as expressed with the title of this section.

The variational method advanced in this paper is applied on the macroscopic imminent mechanism of the
arch with a predetermined direction of rupturing. Clearly, the identification of the exact critical rupture pattern
can only be achieved after first adopting some constitutive relations for themechanical behavior of the joints and
the masonry material and subsequently conducting a finite element analysis of the masonry structure [52–58].

7 Conclusions

This paper revisits the limit equilibrium analysis of masonry arches and explains that the infinite many neigh-
boring solution for the minimum allowable thickness of a masonry arch result from the infinite many possible
directions of rupturing that an arch with finite thickness may develop when becoming a mechanism.

Given this infinite number of physically admissible rupturing directions, the energy approach expressed
with the principle of stationary potential energy emerges as themost powerful tool to analyzemasonry arches at
their limit equilibrium state. The paper concludes that vertical rupturing is the most critical rupturing direction
since it results to the largest value of minimum thickness that an elliptical arch needs to support its own weight.

For the common case where there is an intrados layer of voussoirs with physical joints perpendicular to the
intrados, the initial rupture has to be perpendicular to the intrados and the broken rupture pattern reported by
Lamé and Clapeyron [19] back in 1823 corresponds to the larger value of the minimum allowable thickness;
therefore, this broken rupture pattern is the most critical.
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