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Abstract In this paper, we compute the location of the imminent hinges and the minimum thickness, #, of a
circular masonry arch with mid-thickness radius, R, and embracing angle, 8, which can just sustain its own
weight together with a given level of a horizontal ground acceleration, € g. Motivated from the recent growing
interest in identifying the limit equilibrium states of historic structures in earthquake prone areas, this paper
shows that the value of the minimum horizontal acceleration that is needed to convert an arch with slenderness
(t/R, B) into a four-hinge mechanism depends on the direction of the rupture at the imminent hinge locations.
This result is obtained with a variational formulation and the application of the principle of stationary potential
energy, and it is shown that a circular arch becomes a mechanism with vertical ruptures when subjected
to a horizontal ground acceleration that is slightly lower than the horizontal acceleration needed to create a
mechanism with radial ruptures. The paper explains that the multiplicity on the solution for the minimum uplift
acceleration is a direct consequence of the multiple possible ways that a masonry arch with finite thickness may
rupture at a given location. The paper further confirms that the results obtained with commercially available
distinct element software are in very good agreement with the rigorous solution.

Keywords Stone arches - Stereotomy - Minimum uplift acceleration - Limit state - Seismic analysis -
Variational formulation - Earthquake engineering

1 Introduction

As early as in the first half of the eighteenth century, Couplet [1] presented a remarkably complete solution to
the problem of computing the minimum thickness of a semicircular masonry arch with mid-thickness radius,
R, and thickness, ¢, capable of supporting its own weight. His work brings forward in a most lucid way the two
key concepts needed in the limit equilibrium analysis of masonry arches that do not sustain tension: (a) the
limiting thrust line; and (b) the imminent mechanism of collapse. In his analysis, Couplet faces the challenge
of computing the location of the intrados hinge of the five-hinge mechanism. He bypasses this problem by
merely assuming that the rupture location is at ¢, = 45° = 7 /4. In this way, Couplet forces the selection of
the failure mechanism; therefore, his solution for the minimum thickness, /R = 0.101, is unconservative,
given that a neighboring mechanism might have developed at a larger thickness. The exact location of the
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intrados hinge, ¢, = 54.5°, and the correct value of /R = 0.1075 of the semicircular monolithic arch with
zero tensile strength are computed rigorously for the first time by Milankovitch [2,3] some 175 years after
Couplet’s pioneering work.

While the analysis of masonry arches under static gravity loads has a long history and a rich literature
([4-7], and references reported therein), the analysis of masonry arches when subjected to lateral dynamic
loads essentially starts with the seminal paper by Oppenheim [8].

The planar dynamic response of masonry arches that do not sustain tension can be analyzed in two steps.
Step (a) is a static-equilibrium stability analysis and deals with the calculation of the minimum horizontal
acceleration, ii;p, that is needed to rupture an arch with an embrace angle 8, mid-thickness radius R and
thickness 7 at four locations (hinge formation) and induce rocking. Upon uplift has been induced, step (b) deals
with the dynamic response analysis of the rocking arch by solving the nonlinear equations of motion, while
addressing satisfactorily the impact which happens whenever the motion reverses.

Step (a) is a purely geometric problem which is independent of the scale (size = R) of the arch and depends
solely on the slenderness of the arch = (¢/R, ). In analogy with the uplifting of a free-standing rectangular
block (with base = 2b and height = 2/) where the uplift horizontal acceleration is ii;p /g = b/h =tana, the
problem associated with step (a) for circular arches reduces to the derivation of the corresponding expression
iy’ /g = f(t/R, B).

In the case of a free-standing rectangular column [9, 10] or the case of a free-standing rocking frame [11],
the derivation of the uplift acceleration ii;p /g = b/ h is straightforward given that the location of the hinge
formation is known a priory—that is the pivoting edges of the rectangular column. In the case of a circular
arched monolith that is about to become a four-hinge mechanism and initiate rocking motion, the calculation
of the uplift acceleration ii;p /g = f(t/R, PB) is less straightforward since the location of the imminent hinges
is unknown. Consequently, when studying the limit equilibrium of arches subjected to lateral loads, one faces
the challenge to compute the location of the four hinges in a similar way as Couplet [1] faced the challenge to
compute the location of the intrados hinge when the circular arch is subjected solely to its own gravity load.

Upon the locations of the hinges on the imminent mechanism of a circular arch (R, ¢, §) have been
established in step (a) together with the rupture/uplift acceleration ugp /g = f(t/R, B), the arch may rock as
a one-degree-of-freedom, four-link mechanism. The nonlinear dynamic response of the arch examined in the
second step (b) depends not only on the slenderness of the arch (¢/R, f) but also on the size of the arch, R,
as has been shown by Oppenheim [8], Clemente [12] and further confirmed by De Lorenzis et al. [13] and
Delong et al. [14].

In this paper, we revisit step (a) and compute rigorously the value of the rupture/uplift acceleration of
circular arches with slenderness (t/R, B) after identifying the exact locations of the four imminent hinges by
adopting a variational formulation via the application of the principle of stationary potential energy. The paper
shows that the value of the minimum horizontal acceleration that is needed to convert an arch with slenderness
(t/R, B) into a four-hinge mechanism depends on the direction of the rupture at the hinge locations—that is
the answer depends on the stereotomy exercised on the arch.

In his pioneering study, Oppenheim [8] did not consider a continuous monolithic arch with zero tensile
strength, but rather a circular arch that consists of seven (7) voussoirs having eight (8) radial joints. Accordingly,
the imminent hinges in Oppenheim’s arch can only occur at the predefined locations of the eight physical
joints; therefore, Oppenheim’s arch allows for the development of a finite number of physically admissible
mechanisms, while excludes neighboring mechanisms that might have developed in the continuous monolithic
arch at a lower lateral load. For instance, Oppenheim [8] reports that “...in an arch with /R = 0.10, the
governing mechanism has hinges at positions —5, —1, 3, 7 at which the minimum horizontal ground acceleration
for onset of motion equals 0.196 g.” Clearly, this result is relevant only to the 7-voussoir arch with radial joints
and angle of embrace § = 157.5°.

While Oppenheim [8] recognizes that the critical mechanism of a masonry arch with a given sufficient
thickness 7/R is the one which is mobilized by the lowest horizontal ground acceleration, no explanation is
offered on how he selects the “theoretical governing mechanism” with hinges at positions —7, —1, 3 and 7.
Figure 1 plots the minimum uplift acceleration for semicircular arches as computed by Oppenheim [8] for
the 7-voussoir arch together with the exact solution for the continuous circular monolith computed in this
paper with a variational formulation after adopting that the rupture at the location of the imminent hinges
occurs along the radial direction. The results reported by Oppenheim [8] are slightly above the minimum uplift
acceleration values of the continuous monolith given that in Oppenheim’s 7-voussoir arch, hinges are allowed
to form only at the distinct locations of the 8 physical joints. Together with the uplift acceleration values of
the semicircular arch with slenderness (¢/R, B), Fig. 1 also plots the uplift acceleration of the rectangular
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Fig. 1 Minimum uplift horizontal acceleration of a circular arch with angle of embrace B and slenderness ¢/R. The rigorous
solution derived in this work with a variational formulation (solid lines) after adopting radial ruptures at the location of the

imminent hinges is compared with the results obtained by Oppenheim [8] for a 7-voussoir arch and by Clemente [12]

free-standing block with slenderness b/ h = tana. Figure 1 shows that once the circular arch is thick enough

to support its own weight (/R > 0.0075 for § = 90°, t/R > 0.0267 for 8 = 125°, t/R > 0.0647 for
1), the horizontal acceleration ii;p that is needed to induce rocking

B = 157.5°,t/R > 0.1075 for B =
motion increases much more rapidly with slenderness than the horizontal acceleration that is needed to induce

rocking to the free-standing rocking frame [11]. This comparison contributes to the understanding of the
seismic stability of the buttress arch as formulated by De Luca et al. [15].
Clemente [12] further elaborated on the dynamic response and stability analysis of masonry arches sub-
jected to a horizontal ground acceleration. In Clemente’s work, the hinge mechanism and the value of the
ground acceleration needed to initiate rocking are found by employing an iterative procedure which assumes
an initial mechanism which is iteratively adjusted by satisfying simultaneously the principle of virtual pow-
ers and that in the converged mechanism the corresponding thrust line can just be located within the profile
of the arch. Consequently, Clemente’s [12] iterative method mixes elements from energy methods and from
a geometric formulation which involves the limiting thrust line. Figure 1 plots with a chain line the mini-
mum uplift acceleration for a continuous monolithic circular arch with slenderness #/R and 8 = 90°, 125°
and 180° as computed by Clemente [12] next to the results computed by Oppenheim [8] for the 7-voussoir
arch with 8 = 157.5° and 8 = 180°. Clemente’s [12] results are in excellent agreement with the rigor-
ous solution derived in this paper with a variational formulation after assuming ruptures along the radial

direction.
What is remarkable in Clemente’s work is that he recognizes that when a masonry arch is subjected to a

lateral load (say to the right), the extreme right hinge will happen at the right springing A, while the extreme
left hinge D may happen within the arch at a location above the left springing. Accordingly, depending on
the slenderness of the arch (¢/R, ) and the level of the horizontal ground acceleration, the circular arch may

develop a one- springing or a two-springing, 4-hinge mechanism as shown in Fig. 2.
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Fig.2 Depending on the value of the embracing angle 8, the thickness of the arch #/R and the intensity of the horizontal acceleration
¢ g, the four-hinge mechanism will hinge either only at one (left) or at both springings (right)
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Fig. 3 Location of the imminent hinges ¢1, ¢2, and @3 at points B, C and D, respectively, of a circular arch with a given angle
of embrace f and slenderness 7/ R. The rigorous solution derived in this work with a variational formulation (solid lines) after
adopting radial ruptures at the locations of the imminent hinges is compared with the results obtained by Clemente [12]

Figure 3 plots with a dashed line the locations of the imminent hinges ¢, ¢, and ¢3 at points B, C and D,
respectively (see also Fig. 4) of a continuous monolithic arch with slenderness #/R and g = 90°, 125°, 155°
and 180°, as computed by Clemente [12]. In his paper, Clemente focuses on presenting the hinge locations of a
one-springing, 4-hinge mechanism, and therefore, Clemente’s graph for the third hinge ¢3 does not include the
flat portion shown in Fig. 3 which corresponds to the case where a two-springing, 4-hinge mechanism develops
(p3 =B+ (7-B)/2 = (B + m)/2). Figure 3 confirms that Clemente’s [12] results are in excellent agreement
with the rigorous solution derived in this paper with a variational formulation after assuming ruptures along
the radial direction.

Ochsendorf [16] built upon Clemente’s [12] work and developed an alternative iterative process to identify
the collapse mechanism and the minimum acceleration needed to rupture/uplift a circular arch. Knowing that
the downstream extreme hinge of the 4-hinge mechanism is at the springing of the arch, Ochsendorf [16]
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Fig. 4 Formation of a four-hinge mechanism in a circular arch (R, 7, ) when subjected to a horizontal ground acceleration
iig = eg. The direction of the ruptures at the hinge locations is assumed radial

initially assumes the locations of the other three hinges and subsequently computes the level of the horizontal
acceleration that satisfies the principle of virtual work. This calculation is repeated at a neighboring location
of the assumed hinges until the process converges to the lowest value of the horizontal acceleration which can
mobilize a kinematically admissible mechanism. Ochsendorf [16] iterative process is essentially a numerical
exercise that emulates in a step-by-step fashion the fundamental concept of variational calculus (each new
numerical iteration in Ochsendorf’s software involves a finite variation of the hinge locations) from which
derives the principle of stationary potential energy.

In this paper, we present a straightforward application of the principle of stationary potential energy to
compute the value of the rupture/uplift acceleration of circular arches together with the exact locations of the
four imminent hinges. This rigorous variational formulation shows that the exact value of the rupture/uplift
acceleration depends on the stereotomy exercised [17-19] and settles the problem of the limit equilibrium
analysis of masonry arches within the formal theory of energy methods without the need to involve the
geometric concept of the thrust line.

2 Identification of the imminent four-hinge mechanism and the minimum thickness needed
to sustain a given horizontal acceleration

Consider the circular arch (R, ¢, 8) with mid-thickness radius R, thickness ¢, and angle of embrace 3, subjected
to a constant horizontal ground acceleration ¢ g. Prior to hinging, the arch translates as a rigid body, and
therefore, the lateral inertial loading will assume a profile proportional to the vertical distribution of the
mass of the circular arch as shown in Fig. 4. For thin arches, this distribution can be approximated with
q(h) = @/sing. When the horizontal inertial loading is sufficiently large, the arch will become a four-hinge
mechanism. With reference to Fig. 4, Clemente [12] has shown that the downstream hinge, A, forms at the
extrados of the springing which is at 8, = (7 — f)/2 and the associated kinematic admissible mechanism
has an intrados hinge B at the unknown location ¢, an extrados hinge C at the unknown location ¢, and an
intrados upstream hinge D at the unknown location ¢3. In this work, the location of the hinges is identified
with the application of the principle of stationary potential energy, and therefore, the weights of the articulated
portions of the arch need to be computed.

2.1 Radial ruptures: variational formulation
At this stage, we face the selection of the direction of the imminent ruptures that will initiate at points B, C

and D. Perhaps the most natural assumption is a radial rupture given that it has the shortest length among all
possible rupture directions.
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With the adoption of radial ruptures, the weights W» and W3 of segment 2 (segment BC) and segment 3
(segment CD) of the arch are given by

Wa =1R (¢ — ¢1) (D
W3 =1tR (¢3 — ¢2) ()

while the weight of the combined segments 1-2 (segment ABC) is given by

Wi—2 =1R(¢2 — o) 3)

Furthermore, the coordinates of the centers of gravity of these segments are given by

sin ¢y — sin ¢ 1 2 cos ¢ — cos ¢ 1 2
=R———(1+——=), =—R——— 1+ —— 4
S — ( Tnr) -t \ TR @
sin ¢3 — sin ¢, 1 2 CoS 3 — coS ¢ 1 2
=R——— 1+ —=—=), =—R——— 1+ —— 5
B — ( TnRr) b-t \ TR ©
sin ¢p — sin B, 1 ¢ cos ¢p — cos By 1 ¢?
2=R— 1+ ——), 2=—R—FF—(1+ —— 6
ol = T ( ) b—p \ TR ©

Moment equilibrium of the combined segment 1-2 (segment ABC) about hinge A gives

. t t
eWi_o |:)’ol—2 — sin B, (R + 5)} - Wi [COS Bo (R + 5) - xo1—2}

+ Tcx (sin o — sin By) (R + %) + Tcy(cos Bo — cos ¢2) (R + %) =0 @)

In Eq. (7), the forces Tcx and Tcy are the cartesian components of the internal trust force Tc acting at the hinge
C. It is worth mentioning that the thrust line of the arch that is about to become a mechanism is tangent to the
extrados of the arch at point C; when one works with a polar coordinate system and assumes radial ruptures,
the thrust force 7¢ is not tangent to the thrust line (therefore not tangent to the extrados of the arch). This
subtle piece of knowledge was apparently known since the seminal paper of Lamé and Clapeyron [20] (see
also [17,18,21,22]) and was proven rigorously by Milankovitch [2,3] who made a clear distinction between
the “druckkurve” and the “stiitzlinie” (see also [6]). Consequently, given that T¢ is not tangent to the extrados,
both its magnitude and direction are unknowns (or both Tcx and Tcy are unknowns).
Moment equilibrium of segment 2 (segment BC) about hinge B gives

eWs [yoz — sin ¢ (R — %)] — W [cosqm (R — %) — xoz]
+Tcx |:sin¢2 (R + %) — sin ¢ (R — %)} + Tey |:cos¢1 (R — %) — cos ¢ (R + %)] =0 (8

while moment equilibrium of segment 3 (segment CD) about hinge D gives

eWs [%3 — sin¢3 (R - %)} + Ws |:Xo3 — o8 ¢3 (R - %)}
—Tex [Sin@ (R + %) — sin¢s (R - %)} + Tcy [cos¢2 (R + %) — cos ¢3 (R — %)] =0 (9

Substitution of Egs. (8) and (9) into (7) eliminates the unknown components 7cx and Tcy and yields a transcen-
dental equation which involves the five quantities /R, ¢1, ¢2, ¢3 and €. In the event of a capacity design (find
the size of the structure that can sustain a given loading), the seismic coefficient ¢ is given and the minimum
thickness of the arch #/R is unknown. In the event of a demand assessment (find the level of loading that a
given structure can sustain), the thickness of the arch #/R is given and the seismic coefficient € is unknown.
As an example, Fig. 1 is organized in the context of a demand assessment. Consider the case of a capacity
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design (find #/R); therefore, the solution of the above mentioned transcendental equation can be expressed in
the form

YR = f(d1, P2, 93, €) (10)

where ¢ is now the given seismic coefficient (ii; = ¢ g), and ¢, ¢, and @3 are the unknown hinge locations
of the imminent 4-hinge mechanism (the fourth hinge has a known location at the “downstream” springing A
that is at ;).

Our analysis proceeds with the application of the principle of stationary potential energy by adopting as
a reference level the horizontal axis x (y = 0) as shown in Fig. 5. With reference to this level (y = 0), the
potential energy of the circular arch (R, ¢, B) is

(B 5t 112
Substitution of Eq. (10) into Eq. (11), the potential energy of the circular arch is expressed as
(B 1
V(1. d2, ¢3,€) = 2sin (5 R f (@1, 92, 93.8) |1+ 5 [ (@1, 62,03, 8)° (12)

The structural system shown in Fig. 5 (left) is a case where the forces (vertical weight and horizontal inertial
forces) acting on the system are conservative. Furthermore, given the equivalent static representation of the
horizontal acceleration ¢ g adopted in this paper, the resultant acceleration field g+/1 + &2 is inclined at an
angle w from the vertical such that tanw = ¢. Consequently, the loading on a circular masonry arch subjected
to a horizontal acceleration ¢ g is equivalent to the gravity loading on the same arch when tilted at an angle
w = tan"'e from the vertical, subjected to a gravitational field g = g+/1 + &2 [16,23,24]. Concentrating
on the tilting arch shown in Fig. 5 (right), the ordinate of its center of gravity relative to the level y = 0 is

Y = yoCosw = yo/+/1 + &2, while its weight is W=WV1+e2 given the enhancement of the gravitational
field. Consequently, in the tilted configuration shown in Fig. 5 (right), the potential energy of the arch relative
to the level y = 0 is

VeW.5— 2. Yo _w.y =
V=W y—W\/1+8m—W Yo =V (13)

Equation (13) shows that the potential energy of the tilting arch is equal to potential energy of the leveled arch
in its original configuration. Consequently, for the tilting arch shown in Fig. 5 (right), the work of all forces is
accounted by the potential energy V (¢1, ¢2, ¢3, €) given by Eq. (12). According to the principle of stationary
potential energy, the geometrically admissible hinged mechanism shown in Fig. 4 is in an equilibrium state
if and only if the total potential energy of the arch is stationary (§V = 0). Since in this case, the potential
energy V (¢1, ¢2, @3, €) is a function of three variables @1, ¢, and @3, the potential energy is stationary when
[25, among others]

oV (o1, @2, 93, ¢8) _

0 (14)
a1
WV(d1 ¢2.43.8) _ (15)
Glo))
and
aV(p1, P2, P3,€) —0 (16)

a3
Substitution of Eq. (12) to any of the Egs. (14)—(16) (j € {1, 2, 3}) gives

V@) (ﬁ) 3 @5.0)
2

1 2] )
2, 26; [1+Zf(¢"’8) ] =0, je{l,2,3) (17)
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Fig. 5 The stress state of the leveled arch (left) subjected to its gravity load, and a constant horizontal acceleration g is identical
to the stress state of the tilted arch by an angle @ = tan~ !¢ (right) subjected to a gravitational field with intensity g+/1 + &2

The quantity in brackets in Eq. (17) is always positive; therefore, Eq. (17) is satisfied only when afg##/s) =0.
Accordingly, the tilting arch is in limiting equilibrium state (8V (¢1, @2, @3, €) = 0) if and only if all partial
derivatives of the function f(¢1, @2, ¢3, €) given by Eq. (10) vanish

Of (1. 2. §3,€) _ I/R)

= =0 (18)
0 061

0f ($1. 2. 43.8) _ 0C/R) _ (19)
0¢» 02

0f (¢1, 42, ¢3.8) _ 3(t/R) -0 (20)
093 063

Numerical solution of the system of Egs. (10) and (18)—(20) gives the unknown locations ¢1, ¢2 and ¢3 of
the three hinges (the location of the fourth hinge is known at the downstream springing A) together with the
minimum thickness 7/ R of a circular arch with a given angle of embrace .

Figure 6 plots with a solid line the minimum thickness values ¢/R of a circular arch with a given angle
of embrace 8 when subjected to various levels of horizontal acceleration ii, = ¢ g. Note that the minimum
thickness needed reduces appreciably as the embrace angle reduces. For instance, when § = 125°, a circular
arch with /R = 0.1 can withstand its own weight together with a horizontal acceleration of ii, = 0.5g (¢ =
0.5).

Figure 7 plots the location of the imminent hinges of a circular arch with a given angle of embrace
when subjected to various levels of horizontal acceleration ii, = £g and when the direction of the ruptures is
assumed radial.

2.2 Vertical ruptures: variational formulation

When the arch reaches its limit state and the formation of the four-hinge mechanism is imminent, the application
of the principle of stationary potential energy requires the calculation of the weight of the articulated portions
of the arch. In the previous section, we assumed that the ruptures that initiate at points B, C and D shown in
Fig. 4 will develop along the radial direction. In this section, we assume that the ruptures that initiate at points
B, C and D shown in Fig. 8 will develop along the vertical direction at the unknown locations xp, x, and x3.

With the adoption of vertical ruptures, the weights W> and W3 of segment 2 (segment BC) and segment 3
(segment DC) of the arch are given by

X1 X1

W =/yex(x)dx —/Yin(x)dx (21)
X7 X2
X> X2

W3 = / Yex (x)dx — / Yin(x)dx (22)

X3 X3
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Fig. 6 Minimum thickness values, #/R, of a circular arch with embrace angle, 8, needed to withstand a constant horizontal
acceleration iig = eg. The rigorous solution derived in this work with a variational formulation for either radial or vertical ruptures
is compared with the results obtained by Clemente [12] (chain line) and the results obtained with the commercially available
software UDEC [26]. For smaller embracing angles, 8, the minimum thickness of the arches decreases and the differences between
the solutions obtained with radial or vertical ruptures decreases

where yj, (x) and yex (x) are the ordinate of intrados and extrados of the arch expressed in cartesian coordinates

(23)
(24)
The weight of the combined segment 1-2 (segment ABC) is given by
XAin XAin XA XA
Wia = / Yex (X)dx — / Yin(¥)dx | + / Yex (¥)dx — / cot (g) xdx (25)
X> X> XAin X Ain

where x4 is the known abscissa of the “downstream” springing hinge at the extrados and xajj is the abscissa
of the springing point at the intrados

XAin = Sin (g) (R — %) , XA =sin (g) (R + %) (26)
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Fig. 7 Location of the imminent hinges ¢1, ¢, and @3, at points B, C and D of a circular arch with embrace angle § and minimum

thickness #/R as shown in Fig. 6 (solid lines) that ruptures along the radial direction when subjected to a constant horizontal
acceleration iy = £g

Furthermore, the coordinates of the centers of gravity of these articulated segments are given by

X X X1 yex(x)? X1 yin(x)?
fle Vex (X)xdx — fle Yin () xdx fle %dx — le %dx
Xo2 = . Yoo = 27)
W W>
X X X2 yex ()2 X2 yin(x)?
o yex()xdx = [ yin(x)xdx Sl mde — [ 200 dx
Xo3 = , Vo3 = (28)
W3 W3
Xol-2
XAi XAi XA XA
( X Yex()xdx — [ yin(x)xdx) + (fXAin Yex(X)xdx — [y a: cot (g) xzdx)
B Wi
Yol1-2
XAIn yey (x)? d XAin yi, (x)? d XA yex(x)? d XA (00‘(§)X)2 d
X» 5dx =[x, 5-dx )+ Sxaim 225 9% = [xain 2
= (29)
Wiz

Moment equilibrium of the combined segment 1-2 (segment ABC) about hinge A gives
eWi2[yo1—2 — Yex(xa)] — Wi—2(xA — Xo01-2) + Tox[Yex (x2) — Yex(xa)] + Tey(xa —x2) =0 (30)

In Eq. (30), the forces Tcx and Tcy are the cartesian components of the internal thrust force Tc acting at the
hinge C. It is worth mentioning that in the limit equilibrium analysis of arches under gravity (vertical) loads
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Fig. 8 Formation of a four-hinge mechanism in a circular arch (R, ¢, ) when subjected to a horizontal ground acceleration
iiy = eg. The direction of the ruptures at the hinge locations is assumed vertical

alone, when one works with vertical cuts, the thrust force, 7¢, is tangent to the thrust line [2,3]. This subtle piece
of knowledge was apparently known since the work of Lamé and Clapeyron [20] (see also [17,18,21,22]).
Nevertheless, in this case given the pressure of the horizontal inertial load (e g), the vertical ruptures shown
in Fig. 8 are not parallel to the resultant field force g+/1 + ¢2. Consequently, given the inclined field force
g+ 1+ €2, even for this case where we assume vertical ruptures, the thrust force T¢ is not tangent to the
extrados; therefore, both its magnitude and direction are unknowns (or both Tcx and T¢y are unknowns).
Accordingly, moment equilibrium of segment 2 (segment BC) about hinge B gives

eWalyo2 — yin(x1)] — Walx1 — xo2) + Tex[Yex (x2) — yin(x1)] + Tey(xp — x2)] =0 (31

while moment equilibrium of segment 3 (segment CD) about hinge C gives

eW3[yo3 — Yin(x3)] + W3(x03 — x3) — Tox[Yex (02) — Yin(x3)] + Tey(x2 — x3) =0 (32)

Substitution of Egs. (31) and (32) into (30) eliminates the unknown components Tcx and Tcy and yields a
transcendental equation which involves the five quantities /R, x1, x2, x3 and €. As explained earlier, in the
event of a capacity design (find the size of the structure that can sustain a given loading) the seismic coefficient,
&, is given and the minimum thickness of the arch, #/ R, is unknown. In the event of a demand assessment (find
the level of loading that a given structure can sustain), the thickness of the arch, /R, is given and the seismic
coefficient ¢ is unknown.

Let us consider now the case of a capacity design (find #/ R); therefore, the solution of the abovementioned
transcendental equation is expressed in the form

t/R = f(x1,x2,x3,€) (33)

where ¢ is now the given seismic coefficient (ii; = ¢ g) and x|, x2 and x3 are the unknown hinge locations of
the four-hinge mechanism (the forth hinge has a known location at the “downstream” springing A that is at

xA = sin (g) (R+5%).
Our analysis proceeds again with the application of the principle of stationary potential energy by adopting
as a reference level the horizontal axis x (y = 0) as shown in Fig. 8. With reference to this level (y = 0), the

potential energy of the circular arch (R, ¢, B) is given by Eq. (11). Substitution of Eq. (33) into Eq. (11), the
potential energy of the leveled circular arch is now expressed as

1
V(x1, x2, x3, €) = 2sin (g) R3 f(x1, x2, x3, €) [1 + Ef(xh X2, X3, 8)2] (34)

The potential energy expressed by Eq. (34) is equal to the potential energy of the same arch when tilted by
an angle w = tan~'¢ as shown by Eq. (13) and explained in the previous section. When the arch is tilted, all
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conservative forces acting on the arch are now vertical and their work is accounted by the potential energy
V(x1, x2, x3, €) given by Eq. (34). According to the principle of stationary potential energy, the geometrically
admissible hinge mechanism shown in Fig. 8 is in an equilibrium state if and only if the total potential energy
of the arch is stationary (§V = 0). Since in this case, the potential energy V (x1, x2, x3, €) is a function of
three variables x1, x> and x3, and the potential energy is stationary when [25]

AV (x1,x2,x3,8)

0 35

2 (35)

oV

W x3.8) _, (36)
9x7

W xa23.6) _ (37)

0x3

Substitution of Eq. (33) to any of the Egs. (35)-(37) (j € {1, 2, 3}) gives

aV(x;, . a i 1
M:ZSIH (é) R3M [1+_f(xj,8)2} =0’ ] 6{1,2, 3} (38)

3xj 2 axJ' 4
The quantity in brackets in Eq. (38) is always positive; therefore, Eq. (18) is satisfied only when «‘3f(()+,/s) =0.

Accordingly, the tilting arch is in an limiting equilibrium state (8V (x1, x2, x3, €) = 0) if and only if all partial
derivatives of the function f(xp, x2, x3, €) given by Eq. (33) vanish

af (x1,x2, x3, €) _ a(t/R) —0

(39)
ax1 dx1

0f (1, %2, x3,8) _ 3/R) _ (40)
dx7 0x2
R

0f (1, X2, x3,8) _ 3W/R) _ (41)
0x3 0x3

Numerical solution of the system of Egs. (33) and (39)—(41) gives the unknown locations xp, x and x3 of
the three hinges (the location of the fourth hinge is known at the downstream springing A) together with the
minimum thickness 7/ R of a circular arch with a given angle of embrace .

Figure 6 plots with a dashed line the minimum thickness values ¢/ R of a circular arch with a given angle
of embrace B8 when subjected to various levels of horizontal acceleration ii, = £g. Note that the minimum
thickness values obtained by assuming vertical ruptures are slightly larger than the minimum thickness values
obtained when assuming radial rupture. Consequently, this work shows that the minimum thickness value of
an arch that is needed to sustain a given horizontal acceleration depends on the stereotomy assumed for the
creation of the hinged mechanism. Most importantly, this work shows that it is easier for a circular arch to
form ruptures along the vertical direction, although these vertical ruptures are longer than the ruptures along
the radial direction.

This multiplicity in the solution derives from the fact that a continuous monolithic arch has a finite thickness
t/R; therefore, the geometry and weight of the articulated segments of the arch depend on the direction of
the assumed ruptures—that is the stereotomy exercised. Figure 6 shows that for smaller embracing angles, 3,
the minimum thickness of the arch decreases; therefore, the difference between the solutions obtained either
by assuming radial or vertical ruptures decreases. In the event of a masonry arch that consists of individual
voussoirs with finite directions and discrete physical joints, the direction of the imminent ruptures is uniquely
defined by the direction of the physical joints and the solution for the minimum thickness is unique.

Figure 9 plots the location of the imminent hinges of a circular arch with a given angle of embrace, B,
when subjected to various levels of horizontal acceleration ii, = g and when the direction of the rupture is
assumed vertical.

To this end, Table 1 offers arithmetic values of the minimum thickness 7/ R and the corresponding locations
of the imminent hinges B, C and D of a circular arch to withstand a constant acceleration i g =¢€§g.

The arithmetic values appearing in Table 1 are for an idealized geometry (no corner cracks) together with
the assumption that there is no sliding between blocks. The possible collapse mechanism in a semicircular
arch where both sliding and rocking happens has been examined in the work of Sinopoli et al. [27], and it was
concluded that for values of the interface friction, & > 0.4 sliding along the interface is excluded and only the
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uplift acceleration: ii,“?/g=¢

Fig.9 Location of the imminent hinges, x1, x2, and x3, at points B, C and D of a circular arch with embrace angle 8 and minimum
thickness 7/ R as shown in Fig. 6 (dashed lines) that ruptures along the vertical direction when subjected to a constant horizontal
acceleration iy = £g

rocking mechanism prevails. Given that for limestone and marble arches, the coefficient of interface friction
is above 0.7 (i > 0.7, [28]), and the possibility of sliding along some interface joint becomes remote. On the
other hand, at the initiation of uplifting of a masonry arch, the corners of the voussoirs at the hinge locations are
subjected to high compressive stresses that induce plastic deformations and eventually local damage. Given
this behavior, the minimum thickness values appearing in Table 1 shall be understood as theoretical lower
bounds and not as design values.

3 The distinct element method

During the last two decades, an increasing number of researchers are using the distinct element method (DEM)
for modeling and analyzing masonry structures [28—33, among others]. The software UDEC v4.0 [26] simulates
the response of discontinuous media (such as a jointed rock mass) subjected to either static or dynamic loading.
In the distinct element method, a structural system is represented as an assembly of discrete blocks. The method
works in terms of forces and displacements, and each block is treated as a separate entity, allowed to undergo
unlimited translation and rotation. At every time step, the calculations satisfy force and moment equilibrium.
The method adopts an elastic behavior which leads to the need to define the normal-to-the contact surface,
K, (normal stiffness), and the tangential-to-the contact surface, K (shear stiffness), equivalent linear elastic
constants. The discontinuities are treated as boundary conditions between blocks, whereas large displacements
along discontinuities and rotations of blocks are allowed.

In this numerical analysis, the spring constants assume the value K, = K; = 10° Pa/m = 1 MPa/mm,
while the angle of internal friction has been assumed large enough to not allow any sliding. Upon sliding has
been prevented, our analysis concludes that the results are insensitive to the exact values of K,, and Kj.
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Table 1 Values of the minimum thickness 7/ R and locations of the imminent hinges B, C and D of a circular arch with embrace
angle B to withstand a constant horizontal acceleration ii, = £g

e Radial ruptures Vertical ruptures
B = 180° B = 180°
/R 1) (%) ¢3(°) i/R x1/R x2/R x3/R
0.0 0.10748 35.516 90.000 144.484 0.10946 0.7736 0.0000 —0.7736
0.1 0.13590 38.894 95.710 152.528 0.13936 0.7310 —0.1064 —0.8303
0.2 0.16897 42412 101.310 160.208 0.17446 0.6843 —-0.2124 —0.8625
0.3 0.20636 46.025 106.699 167.373 0.21429 0.6352 —0.3146 —0.8717
0.4 0.24752 49.693 111.801 173.910 0.25799 0.5850 —0.4101 —0.8636
0.5 0.29175 53.389 116.565 179.741 0.30469 0.5349 —0.4983 —0.8457
0.6 0.33788 57.063 120.852 180 (2SM) 0.35394 0.4852 —0.5822 —0.8227
0.7 0.38495 60.705 124.617 180 (2SM) 0.40608 0.4349 —0.6739 —0.7970
B =155° B =155°
/R 1) 1) ¥3(°) /R x1/R x2/R x3/R
0.0 0.06083 41.257 90.000 138.743 0.06132 0.7303 0.0000 —0.7303
0.1 0.07974 44.244 95.711 147.177 0.08066 0.6902 —0.1035 —0.8085
0.2 0.10217 47.337 101.310 155.283 0.10373 0.6469 —0.2060 —0.8629
0.3 0.12789 50.480 106.699 162918 0.13025 0.6015 —0.3043 —0.8931
0.4 0.15638 53.611 111.761 167.5 (2SM) 0.15953 0.5558 —0.3952 —0.8984 (2SM)
0.5 0.18607 56.567 116.083 167.5 (2SM) 0.19013 0.5121 —-0.4731 —0.8835 (2SM)
0.6 0.21627 59.343 119.737 167.5 (2SM) 0.22138 0.4709 —0.5400 —0.8682 (2SM)
0.7 0.24671 61.983 122.900 167.5 (2SM) 0.25314 0.4317 —0.6003 —0.8527 (2SM)
B =125° B = 125°
/R 1) ¢2(°) @3(°) /R x1/R x2/R x3/R
0.0 0.02673 49.133 90.000 130.867 0.02679 0.6459 0.0000 —0.6459
0.1 0.03737 51.728 95.711 139.693 0.03751 0.6085 —0.1014 —0.7489
0.2 0.05051 54.411 101.310 148.209 0.05079 0.5684 —0.2010 —0.8290
0.3 0.06592 57.093 106.578 152.5 (2SM) 0.06637 0.5273 —0.2943 —0.8576 (2SM)
0.4 0.08225 59.522 110.792 152.5 (2SM) 0.08294 0.4892 —0.3685 —0.8502 (2SM)
0.5 0.09899 61.707 114.136 152.5 (2SM) 0.09993 0.4546 —0.4274 —0.8427 (2SM)
0.6 0.11588 63.702 116.882 152.5 (2SM) 0.11713 0.4227 —0.4759 —0.8351 (2SM)
0.7 0.13277 65.548 119.215 152.5 (2SM) 0.13439 0.3931 —0.5176 —0.8274 (2SM)
B =90° B = 90°
1/R 01(°) (%) @3(°) t/R x1/R x2/R x3/R
0.0 0.00750 59.485 90.000 120.515 0.00750 0.5059 0.0000 —0.5059
0.1 0.01193 61.692 95.711 129.729 0.01194 0.4715 —0.1001 —0.6354
0.2 0.01781 63.928 101.145 135 (2SM) 0.01783 0.4358 —0.1950 —0.7008 (2SM)
0.3 0.02435 65.827 105.050 135 2SM) 0.02439 0.4049 —0.2627 —0.6985 (2SM)
0.4 0.03116 67.406 107.758 135 2SM) 0.03122 0.3788 —0.3096 —0.6961 (2SM)
0.5 0.03807 68.763 109.771 135 (2SM) 0.03817 0.3561 —0.3444 —0.6936 (2SM)
0.6 0.04500 69.965 111.372 135 2SM) 0.04515 0.3359 —0.3723 —0.6911 2SM)
0.7 0.05192 71.056 112.717 135 (2SM) 0.05212 0.3175 —0.3958 —0.6887 (2SM)

The bold values correspond to the development of a two-springing, four-hinge mechanism (2SM). The minimum thickness values
derived after assuming vertical ruptures are larger than the corresponding values after assuming radial ruptures; therefore vertical
ruptures are most critical

The results from the software UDEC v4.0 [26] presented in Fig. 6 (dotted lines) are for Vitruvius voussoirs
with size = 5° as shown in Fig. 10. Accordingly, the semicircular arch has 36 voussoirs, whereas the arch
with embracing angle 8 = 90° has 18 voussoirs. The gravity load and horizontal inertia load corresponding
to each voussoir have been applied as static loads at the center of gravity of each voussoir. Figure 10 shows
snapshots from the initiation of collapse when the arches assume their critical thickness, ¢/ R, when the seismic
coefficient, & = 0.3(iig = 0.3g). The two top arches with 8 = 180° and 8 = 155° develop a one-springing,
4-hinge mechanism, whereas the two bottom arches with § = 125° and 8 = 90° develop a two-springing,
4-hinge mechanism. Given that Vitruvius voussoirs have radial joints, the numerical solution of UDEC is in
excellent agreement with the theoretical solution from the variational formulation when radial ruptures are
assumed.

The reader may recognize that when a circular arch is constructed with smaller stone blocks where the size
of the block is smaller than the thickness of the arch, the physical rupture of the arch will occur along the most
critical direction which according to this analysis is the vertical direction.
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Fig. 10 Initiation of collapse of circular arches with 5° voussoirs and various embracing angles 8 = 180°, 155°, 125°, 90°
subjected to a constant horizontal acceleration ii;, = 0.3g (¢ = 0.3) in association with their gravity load as predicted with the
software UDEC v4.0. The gravity load (1g) and the horizontal inertia load (0.3g) are applied as static loads at the center of
gravity of each voussoir

4 Conclusions

This paper revisits the limit equilibrium analysis of a continuous monolithic circular arch with zero tensile
strength when subjected to a given level of a horizontal ground acceleration € g. The main finding of this paper
is that the minimum thickness of the arch and the locations of the imminent hinges depend on the directions
of the ruptures that the arch with finite thickness develops when it converts into a mechanism.

This result is obtained with a variational formulation and the application of the principle of stationary
potential energy. The paper concludes that the multiplicity in the solutions for the minimum thickness, 7/ R,
derives from the infinite many possible directions that the arch may rupture upon hinging has initiated (multi-
plicity in stereotomy). Each possible direction of rupturing defines distinct shapes/weights of the macroscopic
articulated segments of the arch and the minimum thickness, 7/ R, of the arch together with the locations of
the imminent hinges as derived from the application of the principle of stationary potential energy, depends
on the exact shape/weight of the articulated segment considered.

Interestingly, this work shows that it is easier for a circular arch to form ruptures along the vertical direction,
although these vertical ruptures are longer than the alternative ruptures along the radial direction.

Finally, this paper shows that numerical results from distinct element method (DEM) are in very good
agreement with the theoretical solution presented in this work derived with a variational formulation.
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